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THE INQUILINE FISH FIERASFER AT KEY WEST, FLORIDA 
By G. H. PARKER 


ZOOLOGICAL LABORATORY, HARVARD UNIVERSITY 


Communicated June 14, 1926 


On the tidal flats off the grounds of the United States Bureau of Fisheries 
at Key West, Florida, many specimens of the holothurian Actinopyga 
Agassizii can be found. A number of these were gathered for use in a 
particular research and during their retention in the laboratory basin 
there escaped from one of them the small fish Fierasfer. All the captive 
holothurians, 28 in number, were then cut open and thoroughly examined 
with the result that no other Fierasfers were found, but in the subsequent 
examination of 73 other specimens of Actinopyga two more Fierasfers 
were obtained. A critical study of the three specimens thus brought 
together showed them to belong to the species Fierasfer, or as it is now 
termed, Carapus dubius described by Putnam (1874) about half a century 
ago from material collected in the Bay of Panama, the Bahamas and on 
the Florida coast. This species lives apparently within the valves of the 
pearl oyster as well as within the cloacal cavities of holothurians. It may 
be the same as the form referred to by Linton (1907) as Fierasfer affinis 
and studied by him in the living condition at Tortugas, Florida, one of the 
localities recorded by Putnam for Carapus dubius. Linton obtained his 
specimen from the holothurian Stichopus moebii whereas mine came, as 
already stated, from Actinopyga. 

The American Fierasfers have apparently much the same habits as the 
European species which have been very fully reported on by Emery (1800). 
These are associated with such sea-cucumbers as Holothuria tubulosa and 
Stichopus regalis and live much as our species do as simple inhabitants or 
inquilines of the cloacal cavities of the holothurians mentioned. In the 
animals observed by Linton the living holothurian changed its length 
from 30 to 15 centimeters and the fish was 12.4 centimeters long. In my 
specimens the holothurians averaged about 25 centimeters in length and 
the three fishes measured, one 9.7 centimeters and the other two each 9.6 
centimeters in length. It is remarkable that so long a fish can accommo- 
date itself to so restricted a space as the cloacal cavity of a holothurian 
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whose total length is not over twice and a half that of the fish. Judging 
from the number of Fierasfers found at Key West, three in 101 holothurians, 
the latter in this locality do not seem to be greatly infected by the former. 
The location, however, is in many respects a favorable one for:the study 
of this rather unique vertebrate. 
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THE GROWTH OF TURTLES 
By G. H. PARKER 
ZOOLOGICAL LABORATORY, HARVARD UNIVERSITY 


Communicated June 14, 1926 


Reptiles, especially alligators and turtles, are reputed to grow with 
great slowness and to reach a very advanced age. Ditmars (1907, p. 144) 
quotes to this effect a recent writer who declares that alligators at fifteen 
years of age are only two feet long and a twelve-footer may reasonably be 
supposed to be seventy-five years old. Ditmars then proceeds to show from 
direct observations the probable incorrectness of these statements. Ac- 
cording to him the American alligator when hatched measures about 8 
inches (20 cm.) in length and weighs about 1%/, ounces (50 gm.). After 
six years under the conditions of the New York Zodlogical Garden such 
alligators attained a length of over five feet (150 cm.) and a weight of 50 
pounds (22.5 kg.). By combining several overlapping series of observa- 
tions Ditmars concluded that at 15 years of age an alligator may measure 
in length as much as 12 feet (360 cm.) and weigh approximately 650 
pounds (about 295 kg.). Notwithstanding this fairly rapid growth on the 
part of certain individuals, Ditmars noted in the New York Zodlogical 
Garden two six-foot alligators that had not appreciably increased their 
length in seven years. ‘Thus though alligators ordinarily grow with fair 
rapidity, they may under certain conditions stand still-in this respect. 

What is true of the growth of alligators seems also to be true of the growth 
of turtles. Records in the literature on this point are, however, extremely 
rare. Hence the following cases, though fragmentary, are not without 
interest. In June, 1923, Mr. Peter Roberts of Key West, Florida, hatched 
a male loggerhead turtle (Caretta caretta Linn.) which he fed and reared 
in a small salt-water aquarium on the Key West fish wharf. The turtle 
throve and in January, 1926, two years and seven months after it had been 
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hatched, it weighed 18 kilograms (about 40 pounds) and its carapace 
measured 46 cm. in length by 39 cm. in breadth. In June, 1926, when the 
turtle was three years old, it was remeasured at my suggestion by Mr. 
P. R. Stephenson who reported its weight as 42 pounds (19 kg.) and its 
carapace as 53 cm. long and 45 cm. wide. Mr. Stephenson also sent me 
records from three other loggerheads each of which was four months and 
three weeks old; the respective weights of these three turtles were 565 
grams, 625 grams, and 1300 grams. Loggerhead turtles hatched some 
years ago under my supervision at Miami Beach, Florida, weighed on 
emergence from 18 to 20 grams and their carapaces measured about 4.8 
cm. long by 3.5 cm. wide. 20 grams may be taken as a fair average weight 
of the loggerhead on hatching and if in four and three-quarter months this 
weight can increase to about 800 grams and in three years to 19 kilograms, 
it may be maintained, contrary to current opinion, that turtles grow with 
reasonable rapidity. This at least seems to be true of the early stages of 
the loggerhead. How rapidly this species would attain to its maximum 
weight of 500 pounds (Ditmars, 1910, p. 44) is at present quite unknown 
though probably this weight is reached much more quickly than has here- 
tofore been suspected. 

Through the courtesy of the United States Bureau of Fisheries, I have 
been informed that the diamond-back terrapin reared in captivity at Beau- 
fort, North Carolina, may reach sexual maturity in about.five years. 
Many individuals, however, require as much as twice or even thrice that 
length .of time to mature. From what has been recorded about logger- 
heads as well as from these statements for the terrapin it is clear that turtles, 
like alligators, may show great fluctuations in their rates of growth. They 
may at times suffer such retardations in this respect as to justify in a cer- 
tain way the common opinion of their very slow rate of growth. Ditmars 
(1907, p. 147), in speculating on the cause of this variation remarks, in 
describing a particular experimental test in which alligators reared in the 
open were found to grow more rapidly than those indoors, that there is a 
powerful and mysterious tonic in the outdoor air, the summer rains, and 
the muddy water of a natural pool. What this tonic is no one at present 
seems to know, but it would not be surprising if it should turn out to be 
some change in internal secretions dependent upon solar radiations such 
as are known to influence in a profound way the growth of many of the 
higher animals. It is also possible that vitamins may play a part in these 
differences. Probably the simple amount of food, so long as it is sufficient, 
has little or nothing to do with these varying rates, though Mead (1900) 
long ago pointed out the great significance of this factor in the varying 
growth of such lowly organisms as the starfish. 


Ditmars, R. L. 1907. ‘Growth of the Alligator,” Eleventh Ann. Rep. New York 
Zool. Soc., pp. 142-154. 
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THE ELDER PEIRCE’S 


By Epwin B. WILSON AND CarRL R. DOERING 
HARVARD SCHOOL OF PuBLIC HEALTH, HARVARD UNIVERSITY 


Communicated June 11, 1926 


The Peirce family, descendents in the male line from John Pers, weaver, 
who came from England to Watertown, Mass., in 1637, has contributed 
three members to the National Academy of Sciences, Benjamin, mathe- 
matician, a charter member who resigned in 1872, Charles S., logician, 
his son elected 1876, died 1914, and Benjamin O., physicist, elected 1906, 
died 1915. Incident to the composition of the official biography of the 
second, a look into the Peirce Genealogy by Rev. Frederick Pierce,! in- 
dicated that there might be in it material of interest. Bell? has worked 
up the Hyde Family, Beeton and Pearson® have treated some British data. 
None of these papers are really satisfactory, nor is the present, but it is 
not unlikely that sooner or later the accumulation of partial and unsatis- 
factory results may suffice for an adequate synthesis; it is a problem of 
numerous small homogeneous samples rather than of large heterogeneous 
collections of data. 

To determine characteristics of families or other genealogical material 
which may serve as a basis for quantitative generalizations in human hered- 
ity would seem to require a three-fold discussion, which for want of better 
terms may be characterized as statistical, actuarial and biometric. By 
statistical is here meant that general discussion of the data which might 
be expected of a careful person not especially trained in actuarial work or 
the details of vital statistics or in biometry. Such in the main was Bell’s 
treatment of the Hyde family. By actuarial is meant the adjustment for 
age distribution, the life-table as contrasted with the table of deaths. 
Under biometric may be subsumed the calculation of standard deviations, 
coefficients of correlation and the like; such was the method of Beeton and 
Pearson. Neither author had regard to the simplest actuarial adjustments 
which are expected of even the tyro in vital statistics, and insofar as their 
results would be modified by such adjustments it would seem that they 
should be modified before proceeding to inference. 

In undertaking any statistical investigation the first requisite is to ex- 
amine the data, to perfect a layout which may perchance lead to con- 
clusions of significance. It is true that there are those who maintain, 
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or in their work act as though they: maintained, that the chief concern were 
to get as much raw uncriticized data as possible. This is not the method 
of science. Wherever experiment is possible, one has recourse to it for the 
express purpose of controlling the data, of excluding undesired complica- 
tions. Upon the intelligence applied to the experimental lay-out depends, 
quite as much as upon the subsequent measurements, the success of the 
experiment. In statistics it is, we believe, equally necessary, perhaps even 
more necessary to adopt a plan which shall control the collection of ma- 
terial, and it will be but accidental if any significant conclusions are found 
without such a plan. 

For example Bell shows (p. 30) that if both parents live to be over 80 
the average age at death of the children is 53, but if both parents die under 
60 the average age at death of the children is 33. This is a striking dif- 
ference of 20 years, and there is doubtless in it the significant fact that 
children of long-lived parents live longer than those of short-lived parents. 
But how significant is the quantitative difference of 20 years? How much 
is it affected by a variety of factors? It may be remarked that the ex- 
treme span of life is about 100 years, that the Hyde family was printed in 
1864, and that persons born subsequent to 1764 had not a fair chance to 
live out their lives. Further, if we allow 30 years to a generation we may 
say roughly that children of parents born subsequent to 1734 had not a 
fair chance to live out their lives. Unhappily, of the 8797 persons in the 
Hyde family only a small fraction were born prior to 1750 (869 or 9.9%). 
The temptation to take all the material, particularly when it increases 
rapidly in time, leads one to include more recent births in large numbers 
and of these the persons themselves and still more their children, not hav- 
ing by 1864 the chance to live to extreme old age, must of necessity give 
recorded ages at deaths only for those who have died relatively young. 
The fallacy here is that of confusing in a general nonstationary population 
the expectation of life at birth with the average age at death. It does 
little good to compute by biometric rules the standard deviation of the 
difference 20 years and write perhaps 20 + 2 years if through an elemental 
actuarial oversight there has been introduced an error of perhaps 5 or 10 
years. Bearing on this point we may note that in Bell’s figures the aver- 
age age at death of those children whose parents’ ages at death were known 
was 40.6 whereas for the children of parents whose age at death was not 
known the figure was 27.7, a difference of 13 years, no small part of 20. 

Beeton and Pearson do not give their figures with so much detail as Bell, 
even in his brief synopsis, and it is therefore impossible to make so satis- 
factory supplementary calculations upon them. Consider, however, for 
a moment the frequency function they give for numbers of sons dying at 
ascertained ages (one side of their correlation tables of Fathers against 
Sons, p. 80, and Mothers against Sons, p. 82). 
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Age 23 28 33 38 43 48 53 58 63 68 73 78 83 88 93 98 
dz 86 85 70 76 72 68 70 68 84 90 90 57:53 28 5. 4 ... 
Age 22 27 32 37 42 47 52 57 62 67 72 77 8 87.92 97 102 
d, 1: Be Oe O82 Ol 71 RO Be WS BY 1D. 61 26. O. S 1 
Mass 42 45 46 48 51 56 66 80 83 103 110 110 59 25 5 1 


It seems certain that there must be heavy loading with young-dying sons. 
The old Carlisle 18th century life-table gives no such distributions (the 
figures given above are for Massachusetts Males 1890, which differ only 
‘slightly from Carlisle*). All males are sons, though they may not be 
sons whose age at death is known and whose parents have a known age 
at death, and the frequency distribution of sons should be that of all males 
except as the distribution is modified by the requirement that, despite the 
difficulty of tracing family records, the age at death of the son and of one 
of the parents has been found by the compiler of the genealogy. It should 
be noted that the two earliest age groups have nearly twice the deaths of 
the Massachusetts males and that the mode is displaced forward by at least 
5 years. These changes are exactly of the sort that would be expected 
from the use of persons too recently born, and although part of the difference 
might perhaps be attributed to different conditions at the time or in the 
families considered, it is scarcely credible that all of it is thus to be ac- 
counted for. The frequency distributions for Elder and Younger Adult 
Brothers are also illuminating in this connection: 


Age 23 28 33 38 43 48 53 58 63 68 73 78 83 88 93 98 
E. B. 48 43 74 82 55 56 50 73 66 128 100 86 89 36 8 6 
Y. B. 85 83 63 45 60 81 66 86 88 84 93 90 45 26 5 


Both are bimodal distributions, a phenomenon not known in life tables for 
adults, the first mode of the elder brother being ten or a dozen years later 
than that of the younger brother, as might be expected if recent births are 
used. With these frequency functions, it is difficult to place much weight 
on the biological significance of the differences in the mean ages at death: 
Elder = 58.560 + 0.412, younger = 54.575 + 0.412, given by the authors. 

The Peirce Genealogy was printed in 1880 and contains a number of 
items of that date. We selected only the persons who could have reached 
their 95th year by 1880. As the information on persons under 20 years of 
age seemed very scanty we confined our attention to persons above 20. 
There were 141 sons whose age at death was known and whose father’s 
age at death was alsoknown. ‘Their average age was 61.1 + 1.3 (standard 
deviation). There were 36 sons whose age was given but their father’s 
was unknown. ‘Their average age at death was 66.9 + 2.7. The differ- 
ence 5.8 + 2.9 is barely significant statistically; but so far as it goes indi- 
cates that the accidents of history, whatever they be, which lead to the 
record of the age at death of the father, or to the absence of that record 
in that family, tend to alter the recorded age of death of the sons, and 
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oppositely to the observation made above relative to Bell’s figures. In 
the case of daughters there were only 63 with age of father known, and their 
average age was 58.6 + 2.2; and there were only 5 with age of father un- 
known, but their average age was 71.6 + 7.5. The last sample is too small 
for any other inference than that the information is not contradictory to 
that given for sons. ‘The knowledge of the mother’s age at death does not 
significantly affect the age of sons (mother known, age 65.8; mother un- 
known, age 66.8). 

The frequency distribution of males over 23 of known ages at death was 
(central ages given): 


Age 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 Total 
No. imme aie Samer « Sia: Cie Saas |< Hs <M Sai” eS Rey” | TE DM 22 awe ea 
dz 24 33 48 38 52 33 76 62 90 133 143 119 95 48 5 


This is a typical unimodal distribution. The sample is small. The 
average age at death is 65.0. The dispersion is 17.3 years, and in the mean 
1.2. We have then 65.0 + 1.2. The table of Massachusetts Males, 1890, 
gives an expectation of 38.6 for males entering at 23, which makes an 
average at death of 61.6. We do not infer that the elder Peirce’s were 
longer lived as adults than the present inhabitants of this State. It is not 
unlikely that some of those dying earlier in life have been lost. Further- 
more Native White Males in the Original Registration States, 1901, enter- 
ing at 23 live on the average to be 64.1; and in the Rural Part of those 
States white males live to be 66.7. Our figure of 65.0 is from 6 to 12 years 
greater than the various cases of Beeton and Pearson’s. Bell’s figures are 
(initial not central ages): 


Age 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 Total 
No. 86 74 71 63 82 82 71 69 79 81 61 71 37 14 3 = 944 


The vastly different character of the distribution is obvious. The average 
at death is 57.7 for persons entering at 25, but the population is clearly 
not stationary. 

The frequency distribution of ages at death of Peirce females over 23 
was: 


Age 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 Total 
No. 6:8. P1648 Mw B17 TS AF 2 2g 26 Bs 2 200 
dz 30 40 35 80 65 70 40 85 90 85 105 100 125 25 15 10 
Mass 43 46 48 50 52 56 67 79 93107 118 109 83 43 12 1 


The mean age at death is 63.1 + 1.3 (S. D. = 18.7). This is the same 
as average age at death of Massachusetts females in 1890 entering at age of 
23. The distribution of death of the older Peirce women and that for 1890 
Massachusetts females is somewhat different, but hardly significantly so 
as the probability measured by x? for such a difference is 0.3. Yet even 
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at the risk of citing insignificances we may note that 55 out of 200 entering 
at 23 livedto be over 80, that is 27.5%, and for males 56 out of 210 or 26.7%. 
These are higher than the percentages for Massachusetts in 1890 (20.3%, 
16.3%) but not so much higher than for whites in the rural part of the orig- 
inal registration states in 1901 (24.7% and 22.4%). For those who be- 
lieve strongly in the natural selection of the death rate in man under 23, 
these larger percentages or survivals at 80 in the old days may not be sur- 
prising. There is, however, always to be remembered the inevitable 
selectivity in compiling genealogies; if it costs children 6 years of life to 
have the age, at death, of their father known, how many years do they gain 
or lose by being themselves in the class of persons whose own age at death 
is known? 

We have given the figures for males and females over 23. We may give 
figures for fathers and mothers. We have for the elder Peirce’s and their 
mates: 


Age 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 Total 
poe, O28 2 O42 7.5 1. 18 a7 28 ve 19. 10: <1 1 187 
Mother 7 5 6.61513 -138 7 15 16 15 18 18 2 56 38 2 188 


The average age of fathers was 66.2 + 1.1 and of mothers 61.7 + 1.4. 
Bell’s figures are 64.4 and 60.8. Beeton and Pearson’s are not given. 
It is noteworthy, as Bell remarks, that the average age at death of mothers 
is less than that of fathers and may be due to the risks of child bearing in 
large families. It is also to be noted that 27.8% of fathers and 27.7% of 
mothers lived to be over 80. Bell does not give corresponding figures for 
parents except as weighted by the number of children of known age at death 
(in which case they are 32.7% and 26.9%), and he remarks (p. 20) that it 
is surprising that 48.1% of all children have at least one parent who lives 
to be over 80. A straight probability calculation, neglecting associative 
mating for longevity and all other effects, would give us as the percentage 
of children who have at least one parent living to over 80 the figure (27.8 
+ 27.7—0.278 X 27.7)% = 47.8%, and we see no reason for surprise. 
As Glover does not give life tables for fathers and mothers we cannot com- 
pare our results with present conditions. 

We found only 135 cases in which the age at death of both father and 
mother was known. Here 2 


Father’s age = 68.0 = 1.3, mother’s age = 63.0 = 1.7, 7 = 0.23 = 0.08. 


Note that by requiring that the ages of both at death be known, fathers 
have gained 1.8 and mothers 1.3 years, amounts that are not significant. 
There is a considerable coefficient of associative mating for longevity. 
How do young people not related by blood select each other in the early 
or mid twenties for longevity? Is it a real selection or is it a matter of 
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social status or of the subsequent life together, or is there a greater difficulty 
to the genealogist in finding ages of both at death if those ages are notably 
dissimilar? 

There were 119 cases of sons (54 fathers) who were themselves fathers, 
who could have reached their 95th year by 1880, who had known ages at 
death and whose father’s age was known. Here 


Weighted age of father = 70.5, ageofson = 65.2, r = 0.30 = 0.11(?). 


The age of father is weighted by repetitions for each son. The standard 
deviation of the correlation coefficient r = 0.30 lies between the value 
0.13 and 0.09 obtained from using, respectively, the number of fathers and 
the number of sons, and may perhaps be estimated’ at 0.11. In another 
table was entered the father’s and the mean age of sons (themselves fathers) 
of each father. The results were: 


Age of father = 69.5, weighted age of son = 67.0, r = 0.40 + 0.12(?). 


There is a considerable increase of correlation, as might be expected. If 
we correlate average ages of sons against average age of father and his 
married brothers we have 


Age of father and uncles = 68.0, age of sons = 67.0, r = 0.42 = 0.12(?). 


The further increase in r is naturaily small because of the small numbers 
of families in which there was an uncle of known age to be averaged in. 
The reason we used sons who were fathers was for the sake of biological 
homogeneity between parent and offspring. Moreover, there seemed to be 
a great loss of knowledge of ages at death of sons who were not fathers, 
so that the remainder did not seem a fair sample to use. 

There were 87 sons (41 families) the ages of whose father and mother 
were known. ‘The results were: 


Weighted age of father = 68.4, weighted age of mothers = 65.0, 
average age of sons 65.7, r = 0.43 + 0.11(?). 


There were 32 sons (14 families) the age of whose father was known, but 
the age of mother was unknown. ‘The results were: 


Weighted age of fathers = 76.0, average age of son = 64.0, 
r = 0.00 = 0.22(?). 


The differences between the values r = 0.00, 7 = 0.30, r = 0.43 are not 
significant. In the case of the 87 sons the correlation between ages of 
sons and mothers is r = 0.24 + 0.12, to be compared with r = 0.43 + 0/11 
for fathers and sons. The coefficient of associative mating for this group 
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of fathers and mothers is r = 0.22 + 0.16, a value equivalent to that of 
the larger group mentioned above. ‘The partials are: 


tspr-um = 0.40 + 0.11(?), tsur = 0.17 = 0.12(?). 


Beeton and Pearson find a marked difference in average age of elder 
and younger adult brothers. We examined the average age at death of 
Ist, 2nd, 3rd born boys who became adult and could find no statistically 
significant differences in age at death. 


Eldest son 55 cases average age = 63.3 45 under 20 or unknown 
Second son 42 cases average age = 62.9 44 under 20 or unknown 
All others 86 cases average age = 62.1 79 under 20 or unknown 


The correlation table between elder and younger adult brothers taking 
each pair that is possible (a family of 5 adult boys yielding 10 pairs) 
gives: 
Weighted age of elder brother = 66.0, 
Weighted age of younger brother = 65.8, = —0.03 = 0.15(?). 


There were 23 families with two or more adult boys and the standard de- 
viation of r would lie between 0.21 and 0.10 and is estimated at 0.15. 
These figures are for married brothers the age of whose father and mother 
at death are known. For fathers and married daughters and mothers 
and married daughters we find: 


0.13 0.16 (?) 
0.02 0.18 (?), 


Weighted age of fathers 
Weighted age of mothers 


69.6 age of daughter 
68.6 age of daughter 


59.8 
59.7 


r 


There were in the first case 31 fathers and 45 daughters; in the second, 
26 mothers and 36 daughters. As there were only 17 pairs of sisters it 
was not worthwhile to deal with them. There were 99 pairs of brothers 
and sisters from 29 families with:® 


Weighted age of brother = 64.5, weighted age of sister = 59.1, 
r = 0.25 = 0.13(?). 


There were 96 cases where age of father and of the wife of his son were 
known: 


Weighted age of father = 70.2, age of son’s wife = 63.1, 
r = —0.02 + 0.11(?). 


Instead of pairing brothers and sisters one may pair sisters’ husbands and 
brothers’ wives in 48 cases. Then: 


Weighted age of male = 70.8, weighted age of female = 62.4, 
r= —0.05 = 0.16(?). 
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Bell constructed a table to show the average age at death of children 
of parents of different age groups. 


















































BELL-HyDEs ADULT PEIRCES 
7 MorTHER’s AGE AT DEATH Moruer’s AGE AT DEATH 
& <60 60-80 >80 : <60 60-80 >80 
As| 328 | 33.4 36.3 Bes| 44 50 61 
& Y| (128) (120) (74) & Y|_(13) (8) (2) 
+ $i 35.8 38.0 45.0 2 & 64 59 59 
Ss} (251) (328) (172) 33! (35) (37) (26) 
ei «(42.3 45.5 52.7 28 64 61 70 
BA! (131) (206) (184) aA (9) (9) (18) 


The number of children in each case is given in parentheses. Bell included 
all children. of whatever age, we included only adults (all over 20.0) be- 
cause the data on younger dying members seemed so inadequate. Al- 
though our figures are few, they corroborate, so far as they go, Bell’s con- 
clusion. 

Some mention of the limitation of genealogical material as a source for 
quantitative work has already been made; further light may be had by 
considering sex ratios of children at birth and loss rate for the two sexes. 
If ages at death of father and mother are known, we find 354 children, 193 
boys and 161 girls, giving a sex ratio, 100 males/females, of 120, which is 
a trifle high, though perhaps not significantly so. Of the 193 boys, ages 
at death are given for 87 adults or 45%; of the 161 girls, ages at death are 
given for 35 adults or only 22%, significantly different. If the age of either 
parent is not known the sex ratio is 137. Of the 101 boys, ages at death are 
given for 52 or 52%; of the 74 girls, ages at death are given for 14 or 19%. 
There is a greater tendency to lose the ages of females. The question arises 
whether the remainder is typical in the sense of being a fair sample of the 
total adult female population of the family. The question is more im- 
portant for females than for males because the percentage retained is so 
small, but this does not mean that it may not ke somewhat important 
also for the males. 

In the Peirce Genealogy certain males carry serial numbers, others do 
not—these are the male children who ‘do not again appear in the volume. 
The sexes of the children are indicated for the numbered males, but are 
often omitted for unnumbered persons, which include of course all the 
daughters. As the families are essentially completed by the time the 
mother is 45 years of age we can go further down in the genealogy in dis- 
cussing sex ratio than in discussing age at death. We took 310 families 
of numbered males and found 1840 children of whom 954 were males and 
886 females, giving a sex ratio of 109 which is nearly normal. In families 
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of 7 children and over there were 607 boys and 624 girls giving a sex-ratio 
of 97.5, whereas in families of 6 or fewer children there were 347 boys and 
262 girls recorded, a sex ratio of 132. In the unnumbered families of 
which there were 826 only 429 give the children with sex. The 429 families 
reported 785 children with 948 boys and 837 girls, a sex ratio of 113. In 
the families of seven and over there were 396 boys and 354 girls, a sex 
ratio of 112, whereas in the families of 6 or fewer there were 552 boys and 
483 girls, a sex ratio of 114. The number of children per family in the 
numbered families averages 5.94 whereas in the 429 known unnumbered 
families it is 4.16. As might be expected the larger family seems to have 
the greater chance to become numbered. 

1 “Peirce Genealogy,” by Frederick C. Peirce, Worcester, Chas. Hamilton, 1880. 
(The title page spells the author’s name as Peirce, but his signed photograph gives 
the spelling Pierce.) xviii + 278 pp. 

2“’The Duration of Life and Conditions Associated with Longevity,’’ by Alexander 
Graham Bell, Washington, Genealogical Record Office, 1918, 57 pp. 

3 Beeton and Pearson, Biometrika, 1, 1902 (50-89) and Proc. Roy. Soc. London, 65, 
1899 (290-305). The references are to the later more extensive article. 

4“U. S. Life Tables,” by J. W. Glover, Washington, Government Printing Office, 
1921, 496 pp. 

5 Beeton and Pearson compute their probable errors from the number of entries in 
correlation tables. If in making up such tables the individual is sometimes repeated, 
it would seem that the error must be increased and should be taken as some mean be- 
tween the values calculated from the number of distinct individuals of each sort. Per- 
haps Beeton and Pearson took just one pair from each family. We thought it best to 
repeat and have queried the standard deviation in each such case. 

6 We may tabulate the values of the correlation coefficients for comparison with those 
given by Beeton and Pearson, bearing in mind that the latter do not particularize the 
statistical conditions as we do. 


Peirce’s 

Father and adult sons (all) 0.30+0.11 (?) } B. and P 
Father and adult sons (mother known) 0.43 0.11 (?) } 0 1 4+0 03 
Father and adult sons (mother unknown) 0.00 0.22 (?) | : : 
Mother and adult sons 0.24+0.12 (?) 0.13+0.03 
Father and adult daughter 0.13+0.12 (?) 0.13 0.03 
Mother and adult daughter 0.02+0.18 (?) 0.15+0.03 
Father and mother 0.23+0.08 not given 
Elder and younger adult brothers 0.03 0.15 (?) 0.30 0.03 
Brother and sister both adult 0.25+ 0.13 (?) 0.23+0.02 


The average of B. and P.’s coefficients for parents and offspring are 0.14 where we find 
0.17, but those of B. and P. lie closer to each other than might be expected from their 
standard deviations of sampling alone, neglecting any systematic differences (for their 
standard deviation from their mean is 0.008 whereas the individual deviation as calcu- 
lated is 0.03, about four times as large), and ours scatter with a computed standard devia- 
tion of 0.11.as compared with an estimated value of 0.14. The average of B. and P.’s 
' fraternal-sororal values is 0.27 whereas ours is 0.11. In view of our small samples we 
cannot place much dependence on our values; in view of the peculiar frequency distri- 
butions in the B. and P. tables we cannot be sure of the biological significance of their 
values. We expect to return to the discussion at a later date with more material. 
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THE MOLECULAR WEIGHTS OF PROTEINS IN PHENOL 


By Epwin J. COHN AND JAMES B. CoNANT 


DEPARTMENT OF PHYSICAL CHEMISTRY, HARVARD MEDICAL SCHOOL, BOSTON, AND 
CHEMICAL LABORATORY OF HARVARD UNIVERSITY, CAMBRIDGE 


Communicated June 11, 1926 


I. A large body of evidence has been accumulated in recent years which 
indicates that proteins have very large molecular weights. The molecular 
weight of egg albumin, the smallest of the proteins that have been ade- 
quately studied, is approximately 34,000. This estimate was made by 
S¢rensen'* on the basis of osmotic pressure measurements in which he 
corrected for the unavoidable influence of inorganic salts, and is entirely 
confirmed by analyses of the sulfur and sulfide sulfur and of certain of 
the amino acids of which the molecule is composed.* Since egg albumin 
contains 1.23% of tryptophane® the smallest weight of a gram molecule 
that could contain one gram molecule of this amino acid would be approxi- 
mately 16,600. The sulfide sulfur and sulfur contents’ suggest a molecular 
weight of twice this minimal molecular weight as the calculations in table 1 
demonstrate. The analytical and physical-chemical measurements thus 
lead to the same result and leave little doubt regarding the size of this 
protein. 


TABLE 1 
MInm™MAL MOLECULAR WEIGHT OF Ecc ALRUMIN 
AMOUNT OF WEIGHT 
CONSTITUENT CONTAINING ASSUMED NO. MINIMAL 
IN PROTEIN 1 GM. MOL. OF ATOMS OR MOLECULAR 

PROTEIN CONSTITUENT PER CENT CONSTITUENT MOLECULES WEIGHT 
Cystine content 0.81 29,654 1 29,654 
Tryptophane content 1.23 16,593 2 33,186 
Sulfide sulfur content 0.491 6,532 5 32,660 
Sulfur content 1.616 1,984 17 33,728 


The other proteins that have been studied thus far have still greater 
molecular weights. The molecular weights of those considered in this 
paper have been calculated from analytical evidence in the following 
table. 

The evidence yields minimal molecular weights for gliadin, zein, gelatin 
and casein of 72,000, 96,000, 150,000 and 192,000, respectively. 

II. These results are in marked contrast to the surprisingly low molecu- 
lar weights recently reported as calculated from the freezing-point lowering 
in phenol of certain of these proteins.*!> Estimates made by the different 
investigators who have used this method have ranged from 200 to 600. It 
has been suggested by them that these values represent the true molecular 
weight of the units of a large aggregate which is stable in water but which 
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dissociates in phenol. These results have been summarized in a recent 
review’ in which the conflicting interpretations have been considered. 


TABLE 2 
MINIMAL MOLECULAR WEIGHTS OF GLIADIN, ZEIN, GELATIN AND CASEIN 
AMOUNT OF WEIGHT 
CONSTITUENT CONTAINING ASSUMED NO. MINIMAL 
IN PROTEIN* 1 GM. MOL. OF ATOMS OR MOLECULAR 
PROTEIN CONSTITUENT PER CENT CONSTITUENT MOLECULES WEIGHT 
GLIADIN 
Tryptophane content 1.12 18,223 4 72,892 
Cystine content 2.32 10,353 7 72,471 
Sulfide sulfur content 0.619 5,181 14 72,534 
Sulfur content 1.027 3,123 23 71,892 
ZEIN 
Cystine content 0.75 32,027 3 96,081 
Histidine content 0.82 18,915 5 94,575 
Sulfide sulfur content 0.212 15,127 6 90,762 
Sulfur content 0.60 5,345 18 96,210 
GELATIN 
Cystine content 0.16 150,125 1 150,125 
CASEIN 
Cystine content 0.25 96,080 2 192,160 
Sulfide sulfur content 0.101 31,752 6 190,512 
Tryptophane content 1.6 12,756 15 191,340 


* The most probable values have been taken from tables that have been published 
elsewhere incorporating the results of Osborne, Dakin, Foreman, Jones, Gersdorff 
and Mueller and Folin and Looney, and from new unpublished measurements of J. M. 
Looney. 


A real difficulty exists in reconciling such an hypothesis with the analyses 
described above. One would have to assume, for iristance, that these 
proteins dissociated into unlike units containing different amino acids. 
For the amino acid composition of certain of the proteins which have been 
investigated by the cryoscopic method are very well known as a result of 
recent investigations.**®1!%111216 The percentage composition of zein, 
of gelatin and of casein are recorded in table 3. From them, and 
the molecular weights deduced in table 2, the molecular compositions of 
these proteins have been calculated. The molecular weights that have been 
estimated by the cryoscopic method and which have been assumed to 
represent the true units into which these proteins dissociate in phenol 
could only represent dipeptids, tripeptids, or in a few instances, molecules 
containing a somewhat larger number of amino acids. The large number 
of different amino acids of which these proteins are composed render it 
certain, however, that these units would be of different composition. . 
It is difficult to imagine a mechanism by which so many dissimilar units 
might recombine to form the original molecule. 
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In an effort to understand the discrepancy between these two views re- 
garding the protein molecule, we have been lead to reinvestigate the molecu- 
lar weights of four proteins, gelatin, zein, casein and gliadin by the cryo- 
scopic method in phenol. These proteins were chosen since their composi- 
tions are better known than are those of any other proteins, and since they 
are not readily denatured.’ All of them were carefully purified both from 
other proteins and from electrolytes: 


TABLE 3 
THE Amino Acip CoMPOSITION OF CERTAIN PROTEINS 
PERCENTAGE COMPOSITION MOLECULAR COMPOSITION 
OF PROTEIN* OF PROTEIN 
AMINO ACID ZEIN GELATIN CASEIN ZEIN GELATIN CASEIN 
% % % MOLS. MOLS. MOLS. 

Cystine 0.75 0.16 0.25 3 1 2 
Tryptophane eye Pea 1.6 He id 15 
Tyrosine 5.6 ? 5.36 30 ? 57 
Histidine 0.82 2.94 2.5 5 28 31 
Arginine 1.82 8.22 3.81 10 71 42 
Lysine 5.92 8.38 ee 61 110 
Glycine AL 25.5 (0.45) we 510 (1) 
Alanine 3.8 8.7 1.85 41 146 40 
Phenylalanine 7.6 1.4 3.88 44 13 45 
Serine 1.0 0.4 0.5 9 6 : 1 
Valine 1.9 aaa 7.93 15 ee 130 
Leucine 25.0 Y fee | 9.7 183 81 142 
Proline 9.0 9.5 8.7 75 124 145 
Hydroxyproline 14.1 0.23 161 3 
Aspartic Acid 1.8 3.4 4.1 13 38 59 
B-Hydroxyglutamic Acid 2.5 10.5 15 re 124 
Glutamic Acid 31.3 5.8 21.77 204 59 284 
Ammonia 3.6 0.49 1.61 203** 43** 182** 


96.49 93.63 93.12 647 1,299 1,231 


* The convention has been followed of referring to the ratio of the weight of the 
amino acid recovered, to the weight of the protein analyzed as the percentage composi- 
tion of the protein. The water absorbed by the amino acids during hydrolysis should, 
of course, be added to the denominator in order to yield the true percentage composition. 

** The number of ammonia molecules have not been added to the total, which there- 
fore represents the number of amino acid molecules thus far isolated from the protein. 





The determination of the molecular weight of a protein in aqueous solu- 
tion by the lowering of its freezing-point is rendered difficult by the presence 
of even very small amounts of salts. This limitation also applies to non- 
aqueous solvents and in addition the presence of small amounts of moisture 
greatly affects the results. Zein was chosen as the first protein to be studied 
since the small number of reactive groups which it contains’ suggested that 
it might be less hygroscopic than many other proteins. A sample dried at 
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100°C. in vacuo for 3 hours, however, gave freezing-point lowerings in 
phenol corresponding to a molecular weight of 1800-2200. Further drying 
by grinding the protein under absolute ether and subsequent evacuation 
at a pressure of 0.001 mm. Hg for 4 hours yielded a sample whose apparent 
molecular weight had been increased to 4250. 

III. These preliminary experiments revealed the difficulties of removing 
the last trace of water from proteins. A method of determining molecular 
weights in phenol was therefore devised which would be unaffected by small 
quantities of water. This was accomplished by the addition of a second 
phase consisting of freshly powdered anhydrous calcium chloride. This 
saturating body was introduced in the belief that as long as the system con- 
tained solid anhydrous calcium chloride in equilibrium with its hydration 
products the freezing-point would remain unchanged, would be independent 
of added water, and would correspond to the vapor pressure of the solid 
phases. 

Experiments demonstrated that such a system had a definite and sharp 
freezing-point, far sharper than that of even carefully purified phenol. 
To test the effectiveness of this system small quantities of water were added. 
The freezing-point was found unchanged. As much as a tenth of a cubic 
centimeter of water could be added to a mixture of 20 gm. of phenol and 
4 gm. of calcium chloride without affecting the freezing-point. A similar 
procedure has recently been effectively employed in determining molecular 
weights in freezing nitro benzene, sodium sulfate being the solid phase.'!* 

IV. When proteins were added to the system—anhydrous calcium chlo- 
ride + hydrated calcium chloride + phenol—no measureable change in 
freezing-point occurred. This was the case with carefully dried zein and 
gelatin. When samples of proteins, which had not been so carefully dried 
were studied, a lowering of the freezing-point was observed when insufficient 
calcium chloride had been employed. The addition of more calcium chlo- 
ride always raised the freezing-point to the original value. The experi- 
ment with zein illustrates this phenomenon (Table 4(c)). In connection 
with the use of this method in similar problems, it might be pointed out 
that sufficient calcium chloride must be used to combine with all the water 
present, but also that some water must be present to form the hydrated 
calcium chloride phase. 

In order to demonstrate that the proteins had not been precipitated 
with the calcium chloride, in several experiments the solid phase was 
separated by centrifugation and the supernatant liquid poured into ether. 
In this way copious precipitates of gelatin and zein were obtained. 

The determination of the molecular weight of naphthalene in the phenol- 
calcium chloride system demonstrates the validity of the method (Table 
4 (d)). In the attempt to apply this method to the determination of the 
molecular weights of amino acids a complication was encountered. Al- 
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though the expected initial lowering of the freezing-point occurred, after 
a few minutes the freezing-point gradually rose to the initial value. This 
phenomenon was encountered with para-amino benzoic acid, benzamide 
and arginine. It was shown in the case of para-amino benzoic acid that 
the material had passed into the solid phase, since the phenol layer con- 
tained but a trace as judged by diazotization and coupling with 8-naphthol. 
Judged by the same criterion, the solid phase contained large amounts of 
para-amino benzoic acid. 


TABLE 4 
SoME MEASUREMENTS OF THE FREEZING-POINT IN THE SYSTEM, PHENOL -+ ANHYDROUS 
CaCl + HypraTep CaCl, 


BECKMAN CALIBRATION: 40.35°C. = 2.000° 
(a) 15.0 gm. phenol; 2 gm. CaCl, freezing-point 2.008° 
1 drop H2O added first ice 2.010° 
freezing-point 2.000° 
(b) 17.6 gm. phenol; 3 gm. CaCl, first ice 1.995° 
freezing-point 1.990° 
0.30 gm. gelatin added first ice 2.030° 
freezing-point 2.005° 
1.08 gm. more gelatin added first ice 2.102° 
freezing-point 2.005° 
(c) 28.3 gm. phenol;* 4 gm. CaCl first ice 2.120° 
freezing-point 2.070° 
1.00 gm. zein added first ice 1.940° 
freezing-point 1.920° 
4 gm. additional CaCl, added first ice 2.080° 
freezing-point 2.070° 
(d) 28.6 gm. phenol;* 6 gm. CaCl, first ice 2.078° 
freezing-point 2.062° 
0.313 gm. naphthalene added first ice 1.450° 
(Calculated molecular weight freezing-point 1.350° 
of naphthalene from these data freezing-point lowering 0.712° 


= 108; K being taken as 7200: 
theoretical = 128) 


* A very pure phenol was employed (m.p.t. = 40.85°C.) it was necessary to add 
1 drop of water to form the hydrated calcium chloride phase and obtain a constant 
freezing-point. 


It is noteworthy that but few of the naturally occurring amino acids are 
soluble in phenol, although many proteins are readily dissolved by this 
solvent. 

The behavior of these amino acids made it important to establish 
quantitatively that the added protein remained in solution during the freez- 
ing-point determination. At the conclusion of the measurements upon 
zein reported in table 4 (c), the protein mixture was centrifuged and an 
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aliquot of the clear supernatant phenol poured into ether. The zein sep- 
arated and was filtered, washed with ether and the precipitate analyzed 
for nitrogen by the Kjeldahl method. Although a certain amount of 
protein might not have been recovered in the aliquot analyzed, 11.27 gm. 
yielded 22.9 mg. of N, as ammonia, corresponding to 0.14 gm. zein. It 
is thus evident that 0.14 gm. of zein dissolved in 11.27 gm. of phenol 
caused a depression in the freezing-point of less than the experimental 
error. Putting this error even at 0.01°C. yields an apparent molecular 
weight for zein in phenol of over 10,000. Similar considerations apply 
to the experiments with other proteins. 

We are, therefore, forced to conclude that the study of the freezing- 
point lowering of proteins in phenol yields no evidence for dissociation 
of the protein molecule into units of low molecular weight, and that the 
true molecular weights of the proteins in phenol, as in water, are those 
revealed by the analytical and physico-chemical methods considered 
above. * 


* Although this method is clearly not suited to the accurate determination of the 
true molecular weights of the proteins, it offers a simple and accurate procedure for the 
determination of the impurities in a protein preparation. If the freezing-point lowering 
of a solution of a protein or even of a tissue were determined both in pure phenol and 
in the system phenol + calcium chloride, the difference should yield the moisture in 
the preparation. 

1 Brown, F. S., and Bury, C. R., J. Phys. Chem., 1926, 30, 694. 

2 Cohn, H. J., Berggren, R. E. L., and Hendry, J. L., J. Gen. Physiol., 1924-25, 7, 81. 

3 Cohn, E. J., Hendry, J. L., and Prentiss, A. M., J. Biol. Chem., 1925, 63, 721. 

4 Dakin, H. D., J. Biol. Chem., 1920, 44, 499; Z. physiol. Chem., 1923, 130, 159. 
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THE PATH OF LIGHT QUANTA IN AN INTERFERENCE FIELD 
By GrBert N. LEwIs 


COLLEGE OF CHEMISTRY, UNIVERSITY OF CALIFORNIA 


Communicated May 31, 1926 


In recent papers! I have proposed a theory of light according to which 
radiant energy consists of discrete corpuscles governed by the laws of 
conservation of energy and momentum, while the probable path of each 
corpuscle is completely determined by the classical laws of optics. I 
further proposed a crucial experiment which would decide sharply between 
the new theory and all previous theories of light. 

Now Tolman and Smith? suggest that my theory might still be main- 
tained even though the experiment should fail. They take the view that 
in an interference field where there are bright and dark bands produced 
upon a photographic plate the corpuscles of light still reach the regions of 
the dark bands but simply do not mainfest themselves there. 

I am afraid, however, that this view is untenable. While a number of 
physicists have proposed to abandon the law of conservation of energy in 
detail, I think that no one would propose to give it up as-a statistical prin- 
ciple. Yet there seems to be such an implication in the paper by Tolman 
and Smith. If a beam of light of given intensity falls for a certain time 
upon a photographic plate we may estimate the amount of energy received 
by the amount of darkening of the plate. Or if the plate be replaced by 
an opaque screen we may determine the energy calorimetrically. If 
we interpose in the path of the beam of light some optical apparatus 
which will still allow all the light to fall upon the screen, but now in some 
sort of interference pattern, the total energy received in the same time, 
judged either by the total amount of blackening or by the rise of tempera- 
ture, will undoubtedly be the same as before. But according to the view 
of Tolman and Smith many light corpuscles reach the dark regions of the 
interference pattern and go through without producing any chemical or 
thermal effect. In other words, the total amount of energy arriving at 
the plate is largely increased merely by the interposition of the optical 
apparatus which produces interference. 

I have assumed for simplicity that the light falls upon a nonreflecting 
screen of high opacity so that all of the light is absorbed in a very thin 
layer of the screen. If there is some reflection, or if the light is absorbed 
by the screen after penetrating to a great depth, the whole problem is 
different, and it would be necessary to know many details before the re- 
sult of the experiment could be predicted. But no new principle would be 
involved, and it is far simpler to employ an opaque non-reflecting screen. 

I must, therefore, maintain that the proposed experiment is crucial, 
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and if it should give a negative result it must mean, as I have shown in 
my previous analysis, that the corpuscles of light, even at a considerable 
distance from material objects, sometimes travel in curved paths. The 
extreme improbability of this makes me confident that the experiment will 
give a positive result. . 


1 These PROCEEDINGS, 12, 22 (1926); Nature, 117, 236 (1926). 
2 Tolman and Smith, these PRockEDINGs, 12, 343 (1926). 


EFFECTS OF AN ELECTRIC FIELD UPON THE RADIATING 
HYDROGEN ATOM 


By K. L. HERTEL 
RYERSON PHysIcAL LABORATORY, UNIVERSITY OF CHICAGO 


Communicated May 27, 1926 


It has been observed by Stark and Luneland! that the light emitted by 
the particles in the canal rays, moving through hydrogen at several thou- 
sandths of a millimeter pressure, is partially polarized. If these rays are 
allowed to pass into a high-vacuum chamber, the radiation from the lum- 
inous excited atoms dies out with the distance from the entrance. This 
rate of dying out has been studied by Wien? and Dempster.* Recently 
Rupp‘ has observed that the bundle in the high vacuum chamber is par- 
tially polarized, the observations giving only qualitative results. The 
work discussed here is a study of the polarization of the light emitted by 
the hydrogen canal rays in a low-pressure chamber in which the dying out 
observed by Wien and Dempster occurred. Under these conditions the 
particles are disturbed very little by collisions with other particles so that 
we can observe the behavior of the radiating hydrogen atoms under 
various external influences; and, since they have a high velocity, a history 
of the particles can be obtained from observations along the bundle. 

A special discharge tube was used in which the cathode rested on a ground 
joint and separated the discharge chamber from the observation chamber. 
By means of a Gaede all-steel mercury diffusion pump the pressure in 
the observation chamber could be kept much lower (0.0003 mm. of mer- 
cury) than in the discharge chamber. The canal rays passed through a 
small hole 0.48 mm. in diameter into the low-pressure chamber and at a 
distance of 3 mm. entered the space between two condenser plates 23 mm. 
long and 5.5 mm. apart. The electric field on the condenser was varied 
from 0 to 8000 volts per cm. and the effect upon the polarization was ob- 
served, the direction of observation being normal to the field. 

The polarization was observed by photographing the bundle through a 
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double image prism and measuring the relative intensities of the images 
by means of a thermopile type microphotometer. On each plate was placed 
a series of intensity marks using the same exposure time and quality of 
light as that of the bundle. In this way the microphotometer was cali- 
brated in terms of light energy for each plate. No corrections were made 
for any polarization introduced by the cylindrical walls of the tube, but in 
all curves that were compared, care was taken to have the camera placed 
in identically the same position. 

When there was no electric field on the condenser the light from the par- 
ticles, on entering the chamber, was partially polarized as would be ex- 
pected from the observations of Stark. This polarization decreased as we 
pass along the bundle at a rate that could be easily observed. This behav- 
ior is shown in figure 1. The upper curve shows the decrease of the in- 


Polarization of Hydrogen Canal Rays in 
an Electrostatic Field, 


Til, 





Distance along bundle in mmm. 


© —Intensity of bundle 
© Ratio In/l, .n0 field 
© —Ratio Ly/ ly . tield of 400 volte 


tensity of the bundle with increasing distance from the opening and agrees 
with similar curves obtained by Wien and Dempster. The second and 
third curves refer to the polarization and give the ratio of the intensity 
of the vibration parallel to the bundle to that at right angles, at various 
distances from the opening. With no field, the rate of decrease of the 
polarization is seen to be greater than the rate of decrease of the intensity 
of the bundle, so that when the intensity of the bundle had reached half 
value the polarization was almost entirely gone. 

When an electric field was placed on the condenser the phenomenon 
was entirely different, as shown in the bottom curve of the figure. The 
light from the bundle as it entered the chamber, was polarized as before 
but passing along the bundle the polarization was found to decrease at a 
more rapid rate, so that in a few millimeters the light became polarized 
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in the opposite direction. This occurred before the bundle came into the 
space between the condenser plates or into the uniform field. In this uni- 
form field itself the polarization is seen to decrease again and at about the 
same rate as was observed with no field, observations with different field 
strengths showed it to be slightly altered by the strength of the field. For 
fields of 500 to 1000 volts per cm., the light from the bundle at 26 mm., 
just before it passed out of the uniform field was found to be slightly 
polarized again, the component parallel to the bundle being the stronger. 
As the bundle passed out of the space between the condenser plates, the 
polarization again decreased rapidly and under certain conditions the com- 
ponent normal to the bundle once more became the stronger. 

These results can be summarized in the following way: 

1. The light from a radiating hydrogen atom in the canal rays at re- 
duced pressures, is partially polarized and with the electric vector of the 
stronger component parallel to the bundle. 

2. This polarization decreases as the radiating process goes on, and at 
a faster rate than the intensity itself decreases. 

3. This polarization is affected by an electric field: (¢) When the rays 
enter or leave an electric field the polarization is altered and in the same 
direction in both cases. ‘This effect is such that the component at right 
angles to the bundle is increased relative to the component parallel to the 
bundle. (b) When the rays are in a uniform field there is a tendency 
for the polarization to gradually disappear just as in the case of no field 
at all. 

4. The effects due to the field depend upon the strength of the field. 
An effect can be noticed for fields as weak at 15 volts percm. ‘The changes 
become more prominent with increasing fields up to the strongest tried 
(8000 volts per cm.). 

5. No certain effects due to a magnetic field at right angles to the rays 
could be observed. 

This investigation is being continued and more complete results will 
appear in a later paper. 

The writer is especially indebted to Dr. A. J. Dempster who suggested 
the problem, for his continued interest and advice, which has been of great 
value, in this investigation. 

1 Ann. Physik., 46, 68, 1915. 

2 Ibid., 60, 597, 1919; Ibid., 66, 230, 1921; Ibid., 73, 483, 1923. 

3 Astroph. J., 57, 193, 1923; Physic. Rev., 15, 138, 1920. 

4 Ann. Physik., 79, 1, 1926. 
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THE SECONDARY SPECTRUM OF HYDROGEN AND THE 
OCCURRENCE OF H;+ 


By H. D. SMyTH AND C. J. BRASEFIELD 
PALMER PuHysIcCAL LABORATORY, PRINCETON 


Communicated May 31, 1926 


Introduction.—In spite of the almost innumerable studies which have 
been made of the secondary or many lined spectrum of hydrogen its de- 
tailed explanation remains far from complete. The problem is the more 
fascinating because it involves the structure of the hydrogen molecule 
and its solution must have an important bearing on the whole question 
of molecular structure. The recent work of Dieke,! Witmer and others 
indicates increasingly rapid progress on the theoretical side of the problem 
and suggests to the writers that a preliminary report on certain experi- 
mental work may not be out of place. 

Positive ray analysis of the products of ionization in hydrogen shows that 
under proper conditions H3;+ ions are far more numerous than H_* ions.? 
Prompted by this result the writers have been attempting to discover 
whether or not any part of the secondary spectrum might be attributed to 
H; or H3t+. Such a possibility has been discussed in connection with some 
of the attempts to arrange the lines in series but has not, we believe, been 
subjected to experimental scrutiny. 

The first method used was direct and simply interpreted but unfortu- 
nately produced no results. It was analogous to the experiments of G. P. 
Thomson,* depending on the direct observation of the spectrum of a homo- 
geneous beam of H3* ions passing into an electron atmosphere, As had 
been feared, the amount of light produced proved too small to be photo- 
graphed. The second method, now in use, consists of the correlation of 
spectroscopic and positive ion concentration measurements in a glow dis- 
charge in hydrogen. Such a method is suggestive rather than conclusive. 
Thus, if positive ray measurements show that under certain conditions 
the ratio of H3+ to H2t is very great and a simultaneous photograph 
shows certain lines in the secondary spectrum accentuated, it does not 
necessarily follow that these lines are due to H;+. We can only say that 
the conditions which favor the production of H;+ favor the excitation of 
these lines. However, even this may be of some value, so we will proceed 
to a discussion of the apparatus and the results thus far obtained. 

Apparatus and Procedure—Hydrogen is generated electrolytically from 
a solution of barium hydroxide, stored over phosphorous pentoxide, further 
purified by cocoanut charcoal immersed in liquid air and finally passed 
into the discharge tube continually through a capillary leak. The dis- 
charge tube is 1.5 inches in diameter with a tungsten filament cathode and 
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nickel plate anode about 15 cms. apart. The fixed electrodes used at 
first were afterwards replaced by the movable system used by McCurdy 
and Dalton.‘ The voltages across the tube are of the order of 80 to 180 
volts and the currents maintained of the order of 50 to 150 milliamperes. 

As shown in figure 1, the device for measuring relative concentrations 
of different kinds of positive ions is let into the side of the discharge tube, 
between the cathode and anode. It is of the same general type described 
before by one of us,” though 
there are a few minor modifi- 
cations as may be seen from 
the drawing. The electrode, 
Si, is kept at such a potential 





Discharge 
Tube 





Seale (usually that of the cathode) 
. Tot j that positive ions are drawn 


toward it. Entering the slit 
S; with some initial velocity 
they are further accelerated 
by a variable field V between 
= S; and S, then bent in a semi- 

5, circle by the magnetic field and 
reach the Faraday cylinder 
f ho pump connected to a Compton elec- 
trometer. With constant con- 
ditions in the discharge tube 
and constant magnetic field 

FIGURE 1 the current reaching the elec- 

trometer is observed as a func- 

tion of the electric field V. The resultant curve (e.g., Fig. 2) then gives 

the relative concentrations of Hi+, H,.tand H;+. Simultaneously a photo- 

graph is taken with a constant deviation spectrograph, the slit being 

directed at the region of the discharge immediately above the electrode 
S; of the positive-ray system. 

Results.—In order to determine the conditions of the discharge under 
which the ratio of H;+ to H.+ was greatest and smallest, respectively, a 
large number of positive-ray measurements were made before any spectra 
were photographed. It was found that the variation of current density, 
voltage across the tube, part of the discharge over Sj, etc., all had small 
effect compared to that of variation of pressure. Two curves, one taken 
at a high and one at a fairly low pressure are shown in figure 2. They are 
seen to be similar to those taken in earlier experiments under different 
conditions of ionization and show that the discharge can be maintained 
over a very wide range of variation of the ratio of H;+ to H:+. The ob- 
ject of the preliminary positive-ray investigation was therefore achieved 
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and while a number of other interesting points were suggested by it their 
consideration will be postponed. 

Early spectroscopic observations showed the Balmer lines, the secondary 
spectrum, and some of the stronger lines of mercury. The latter gradually 
disappeared after liquid air had been kept on the traps continually for 
over two weeks and they had been too weak to observe for several weeks 
before the final photographs were taken. Incidentally, it is interesting 
that the relative concentration of H+ dropped off considerably at the same 
time, as might be expected from the cessation of collisions of the second 


MH, 






Elechromeder 


yy = 2% 
FIGURE 2 


kind between excited mercury atoms and hydrogen molecules. Another 
spectroscopic impurity that developed later was the comet tail bands® 
from CO+ resulting apparently from the overheating of the de Khotinsky 
cement joint of the positive-ray box to the discharge tube. This was 
particularly troublesome at low pressures but was finally almost completely 
eliminated by putting watercooling on the joint and running the tube for 
several hours before taking a photograph. Unfortunately the elimination 
of heavy space-charge destroying impurities made it impossible to run 
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the discharge at sufficiently low pressures to reduce the ratio of H;*+ to 
H,2* much below one. 

However, photographs were taken which showed qualitatively a strength- 
ening of the Fulcher bands relative to the rest of the secondary spectrum 
at the higher pressures which favor H;*+. Finally by taking an exposure of 
3 hrs. at a pressure of 0.012 mm. and half an hour at a pressure of 0.13 mm. 
two spectra were obtained on the same plate with very nearly the same 
intensity of the Fulcher lines but with most of the spectrum much weaker 
in the high pressure, short exposure picture. The position of every line 
in each spectrum was then measured and its intensity estimated. The 
wave lengths were then calculated, checked against a copper comparison 
spectrum on the same plate, and compared with those of Merton and Bar- 
ratt.© The measurements were found sufficiently accurate to identify 
the lines except in a few cases. The estimated intensities of the lines in 
the two spectra were then compared. 

Of the 350 to 400 lines measurable all but about 75 were weaker on the 
high pressure, short exposure photograph and consequently the lines which 
were stronger or equally strong at high pressures will be referred to as 
lines favored by high pressure. The majority of these lines were to be 
found in Dieke’s tables of the Fulcher lines according to his extensions and 
rearrangements. ‘There was also a group of twelve lines in the violet, 
dX 4410.6 to » 4461.0, a larger group of about eighteen in the yellow, 
d 5728.5 to \ 5970, and perhaps half a dozen scattered through the spec- 
trum, in all, about twenty-five unclassified lines, which appeared to behave 
in the same way as the lines of the Dieke-Fulcher classification. 

In the variation of intensity of the classified lines there seem to be cer- 
tain regularities. Thus, all the lines (both zero and positive branches) 
of the red group (Dieke, Table 1) are relatively stronger at high pressure, 
but in the green group the effect is not so marked and still less so in the 
blue group. Further, in the green group the lines m = 1 in each sub- 
group are much more enhanced at high pressures than the lines of higher 
rotational quantum number. It is possible that this effect is present in 
the red and blue groups also but it is certainly much less obvious. 

It is not our intention in this paper to attempt a detailed explanation 
of these results or a discussion of their bearing on those of previous workers. 
However, we feel that the evidence obtained does lead to the conclusion 
that conditions of discharge which favor the production of H;* favor 
the excitation of the Fulcher bands, particularly those in the red. We 
hope that this bit of evidence may be of service to those working in this 
field and that we may be able to add more by further experiments. 

1 Dieke, G. H., Proc. Roy. Acad. Amsterdam, 27, pp. 490-500, 1924; Dieke, G. H., 
Phil. Mag., 50, pp. 173-180, July, 1925; Dieke, G. H., Zs. Physik, 32, p. 180, 1925; 
Witmer, E. E., Proc. Nat. Acad. Sci., 12, pp. 238-244, April, 1926; Bury, C. R., Phil. 
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Mag., 50, 1139-1143, Nov., 1925; Richardson, O. W., and Tanaka, T., Proc. Roy. Soc., 
106, pp. 663-678, 1924, and subsequently. 

? Dempster, A. J., Phil. Mag., 31, pp. 438-443, 1916; Smyth, Physic. Rev., 25, pp. 
452-468, 1925; Hogness and Lunn, Physic. Rev., 26, p. 44, 1925. 

3 Thomson, G. P., Phil. Mag., 40, pp. 240-246, 1920. 

* McCurdy and Dalton, Physic. Rev., 27, p. 165, Feb., 1926. 

5 A positive-ray measurement indicated the presence of CO* ions when these bands 
were strong confirming the now generally accepted view of their origin. 

6 Merton and Barratt, Phil. Trans., A, 222, pp. 369-400, 1922. 


IONIZATION OF MERCURY VAPOR AS A FUNCTION OF THE 
INTENSITY OF EXCITING LIGHT 


By G. W. Grppincs AND G. F. RousgE 
UNIVERSITY OF WISCONSIN 


Communicated June 16, 1926 


In a previous paper (these PROCEEDINGS, 11, 1925, pp. 514-517) the 
authors reported an investigation in which it was found that mercury vapor 
can be ionized by light from a water cooled quartz mercury arc, and in 
particular that ionization may be produced by light of wave-length 2536 
A. alone. The work has been continued and a study made of the variation 
of ionization as a function of the intensity of the exciting light. 

The experimental arrangements are essentially as previously described 
except that a sliding silver mirror has been placed between the spectrom- 
eter and the tube so that the light from the spectrometer may be reflected 
into a potassium photo-electric cell for intensity measurements. Mono- 
chromatic light of wave-length 2536 A. is used. he intensity of the light 


is varied by placing fused quartz plates in the path of the beam between | 


the arc and the spectrometer, and measurements are taken of the ionization 
current and of the relative intensities of the exciting light. For most of 
the observations only two intensities have been used, since it was found 
that for any given set of conditions the ionization current is sensibly the 
same function of the light intensity, independent of the actual value of 
the intensity. During observations the tube is cut off from the pumping 
system by a mercury shut-off inside the furnaces. 

The ionization current as a function of the light intensity is computed 
from the equation 


Co/Ci a, (Io/I1)" 


where Cy and C, represent the original and reduced ionization currents 
and J) and J; represent the corresponding light intensities. The variation 
of n as a function of vapor pressure and of temperature is being investigated 
and some preliminary results have been obtained. 
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In observing the variation of m with vapor pressure the temperature 
of the main tube containing the electrodes is held constant at about 300°C., 
and the temperature of the mercury reservoir below is varied so as to cover 
a range of vapor pressures from about 1 mm. to 30 mm. Below‘a pressure 
of about 1 mm. the ionization currents are small and are difficult to sepa- 
rate from the photo-electric currents from the electrodes due to scattered 
light. Above a pressure of about 30 mm. the ionization currents are small, 
due perhaps to absorption of light in the first layers of the vapor outside the 
electrode region and to reflection from the vapor. For the lower vapor pres- 
sures it is found that 7 has a value of approximately 2, that is, the ionization 
varies approximately as the square of the the light intensity, as would be ex- 
pected in the case of a cumulative ionization process of two steps, both de- 
pendent upon the light \ 2536 A. As the vapor pressure is increased the 
value of m increases until at the upper limit of the range investigated it has a 
value of approximately 3. It should be remarked that at the higher vapor 
pressures erratic electrical effects are present which are ascribed to condensa- 
tion of mercury, and which at times render it difficult to obtain satisfactory 
observations. However, a sufficient number of observations has been made 
so that the general trend of the results is regarded _as correct. 

In observing the variation of m with temperature, the temperature of the 
main tube is varied from about 170°C. to 350°C., while the mercury 
reservoir is held constant at about 140° C., corresponding to a vapor pres- 
sure of 2mm. There again seems to be a definite increase in the value of 
n starting with a value of approximately 2 and increasing to approximately 
2.3, but fewer observations have been made than for the previous case. 

The work is being continued by one of the authors (G. W. G.), and a 
more complete report will be published in the Physical Review. 


DOUBLETS OF STRIPPED ATOMS OF THE POTASSIUM TYPE 
By R. C. Grpss AND H. E. WHITE 
DEPARTMENT OF Puysics, CORNELL UNIVERSITY 


Communicated May 20, 1926 - 


It has been found possible to extend the so-called regular and irregular 
doublet laws of stripped atoms to elements in the fourth row of the periodic 
table. 

Using the data as given by Fowler’ for the lines of the first doublet of 
the principal series of potassium (K,) and of ionized calcium (Cay) 
we were able to predict by assuming an approximately linear relation 
between »y = 4s—4p, (Bohr’s notation) and the atomic number Z, that the 
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long wave-length line of the 4,42 doublet for Sc;;; should be located 
somewhat above 2700 A.U. Applying Sommerfeld’s regular doublet 


ai 4 
law, Av = K (7) , where K = 0.0456 for the N shell, to this doublet 


separation, in the same way as has been done by Bowen and Millikan,’ 
we determined the approximate value of Av = 4p.—4,, of Sey. On 
looking through the data already published for scandium we found in the 
tables of Eder and Valenta a doublet in this region having very nearly 
the predicted separation. ‘The values found were converted to the inter- 
national system in vacuum and are given in column 2 tables 1 and 2. 


TABLE 1 
IRREGULAR N DouBLEts. 4s—4p>2 
» DIFF, 2ND DIFF. 
Ky 12985. 1 12206.5 \ 932.8 
Carr 25191.6 11373.7 
Serr 36565.3 ? 405.7 
10968.0 / 
Tirv 47533 .3 ) 
Vy 582811 10747.8 / 220.2 
TABLE 2 
RecuLaR N Dousiets. 4p:—4)1 
Av W hv/0.0456 s ; Ar 
Kr 57.7 5.964 13.036 34.07 
Carr 222.8 8.360 11.640 34.81 
Seri 474.3 10.09 10.91 35.02 
Tirv 817.5 11.57 10.43 35.57 
Vv 1265.4 12.91 10.09 36.46 


A study of the linear progression of v at this point as shown in table 1 
indicated that the frequency of the 4s—4f» line for Tiyy should be about 
vy = 36565 + 10958 = 47523. We could find no published data for ti- 
tanium extending to this short wave-length and Lang’s® results in the 
extreme ultra-violet stopped a little short of this wave-length. We, 
however, were very fortunate in having available some measurements 
made in this laboratory by Mr. C. W. Gartlein who, quite by chance on 
the very day we were looking for this data, photographed the spectrum 
of titanium in this region, using a vacuum spark, and a grating having 
30,000 lines to the inch. His plate showed a strong line at vy = 47,533.3 
which is only 0.4 A.U. from our predicted value. 

There was also another strong line appearing on this plate at v = 48,350.8. 
The Av between these two lines turned out to be 817.5 which is exactly the value 
to be expected as computed from an extrapolated value of the screening constant. 
Lang? reports a line for titanium at 2068.3 A.U., which undoubtedly is 
the shorter line of this pair photographed by Gartlein, but as his data 
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stops at 2074.6 A.U., his results did not help us in verifying the location 
of the 4s — 4» line for Tiyy. 

Having thus determined the location of the 4,4p2 doublets of Kj, Cay, 
Sey and Tiyy, it was an easy matter to predict the wave-lengths for the 
corresponding doublet of Vy. A study of the second differences as shown 
in column 4, table 1, indicated that the 4s — 4p» line of Vy should occur 
at about vy = 47,533 + 10,968—203 = 58,298. Having already photo- 
graphed the spectrum of vanadium in the extreme ultra-violet by means of 
one of the vacuum spectrographs in use at the Norman Bridge Laboratory 
of Physics in Pasadena, we were able to verify our prediction by finding a 
comparatively strong line at y = 58,281.1 which is only about half an A.U. 
from the anticipated value. From a graph of the screening constants 
we were then able to determine the approximate value of v = 4s—4p, 
for Vy. A line was found at 1679.36 A.U. which gave the desired separa- 
tion for the 4p:4p. doublet. These two lines are equally intense, but since 
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the plate was not in excellent focus at this point our measurements may be 
in error by a few tenths of an A.U. It is well to remember that for these 
short wave-lengths a variation of a few tenths of an A.U. is equivalent 
to a comparatively large variation in vy. The fact that Lang* has not 
reported these lines as due to vanadium, unless possibly his line as 1680.2 
A.U. is one of them, led us to check over the plates of other elements 
taken at the same time to see whether by any means our lines for vanadium 
could be due to impurities. There is no evidence to indicate that the 
lines here reported are due to any other element than vanadium. 

The values ‘of the screening constants given in column 4, table 2, are 
entirely consistent with the generally accepted notions of atomic structure 
and electronic orbits. The constancy of the values of Ad shown in column 
5, table 2, forms a remarkable verification of the regular doublet law. In 
figure 1 the values of vy = 4s—4p» are plotted against the atomic number 
of the elements. ‘The term values of the 4s and 4» levels plotted in figure 
2 were obtained by assuming an almost linear relation between 1/q and 
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the atomic number, a relation derived by Hartree‘ and found to hold 
approximately by Carroll,’ for stripped atoms of the Cu, Ag and Au type. 
Figure 2 shows that ~/v, — ~/v, is strikingly constant, a fact entirely con- 
sistent with the irregular doublet law. It is hoped that further measurements 
on chromium and manganese in the extreme ultra-violet will enable us to 
extend these doublet laws so as to include Cry; and Mnyy. 


1 Fowler, A., Series in Line Spectra, Fleetway Press, 1922, pp. 102 and 127. 
2 Bowen, I. S., and Millikan, R. A., Physic. Rev., II, 24, p. 209 (1924). 

® Lang, R. J., Phil. Trans. Roy. Soc., A 224, p. 388 (1924). 

‘ Hartree, D. R., Roy. Soc. Proc., A 106, p. 552 (1924). 

5 Carroll, J. A., Phil. Trans. Roy. Soc., A 225, p. 357 (1926). 


THE ELECTROMAGNETIC MASS AND MOMENTUM OF A 
SPINNING ELECTRON* 


By G. Breit 
DEPARTMENT OF TERRESTRIAL MAGNETISM, CARNEGIE INSTITUTION OF WASHINGTON 


Communicated May 24, 1926 


The hypothesis of the spinning electron has been shown to offer con- 
siderable simplifications in atomic physics by Uhlenbeck and Goudsmit! 
as well as independently by Bichowsky and Urey.? The fundamental 
fact which it enables one to understand is that every electron moving in a 
definite orbit can be associated with two magnetic moments. For two 
electrons the moments of the two may combine in various ways discussed 
by Goudsmit and Uhlenbeck.* According to the above-mentioned 
authors and especially with the correction of Thomas‘ one may understand 
also the nature of relativity doublets and the original theory of the fine 
structure of hydrogen must be modified in the manner discussed by them 
and by Sommerfeld and Unséld.® It has been realized from the outset 
that this question cannot be treated accurately by classical mechanics and 
that some modification of it such as the matrix mechanics of Heisenberg 
and Born is required to make the theory precise. However, approxi- 
mately we may expect old-fashioned dynamics to apply, especially so far 
as the order of magnitude of the various effects is concerned. 

According to classical electrodynamics it is possible to explain the mass 
of the electron as a purely electromagnetic phenomenon. It is of interest 
to consider the modification in the classical treatment introduced by the 
spin. One must understand in what sense the magneto-mechanical ratio 
of the electron can be expected to have the same order of magnitude for 
a spin around its axis and for a revolution in its orbit. The limitation 
on the size of the electron must also be considered for the additional energy 
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of the magnetic field introduced by the spin because it can be expected to 
increase the size of the electron. 

Another question to be discussed is the nature of the energy giving rise to 
relativity doublets. According to treatments given so far, this is intro- 
duced by a precession of the electron due to a magnetic field produced by 
the nucleus in the frame of reference of the electron. The question is 
quite similar to that of unipolar induction. According to the equations 
of restricted relativity applied to unipolar induction by Swann and Tate, 
a current in motion is equivalent to an electric doublet. 

These questions are treated below. It is shown that if the electron has 
no material mass the right orders of magnitude of the effects are to be 
expected. It is shown also that the spinning electron on account of the 
presence of magnetic forces is more closely in equilibrium than the old- 
fashioned static electron. 

In the present note no attempt at evolving an exact model of the electron 
is made. The simplest possible model is considered, viz., a rigid surface 
distribution of charge. In other words, it is supposed that in a Galilean 
frame having the same translational velocity as the center of the electron 
the electromagnetic field is such as would be caused according to classical 
electrodynamics by a rotating sphere of electricity. The charge on the 
electron being known, the only unknowns in this problem are the radius 
and the angular velocity. To find these we use the also known values 
of the mass and of the magnetic moment of the electron, the latter being 
taken in accordance with the Goudsmit-Uhlenbeck-Bichowsky-Urey sug- 
gestion. We find that the radius is not dangerously great as has been 
feared by some. It is also found that the maximum speed on the electron 
surface is greater than the velocity of light though the factor of disagree- 
ment, which is roughly 20, is sufficiently small to be attributable to an 
imperfection of the model. Further, the magnetic force of attraction be- 
tween the “‘northern”’ and the “‘southern’’ hemispheres is roughly 20 times 
as great as the electrostatic force of repulsion. The electron is thus in 
partial equilibrium. It seems to the writer that these two facts could not 
be expected without calculation and that, therefore, their meaning is that 
constants e, m, c, h have not entirely accidental values but that a relation 
among them is involved and is due to the nature of the electron. We may 
look at the following discussion, therefore, as a way of obtaining the order 
of magnitude of h as a consequence of the assumption of the internal spin 
in the electron. 

In the treatments given so far the external action alone has been con- 
sidered. ‘There seems to be no reason a priori why the magneto-mechanical 
ratio for the electron spin should be even of the same order of magnitude as 
for an electron revolving in an orbit because the effect of the electromag- 
netic mass is generally supposed to be appreciable. The well-known 
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theorem of Abraham about the electromagnetic moment of momentum of 
a rotating sphere will be seen below to be not sufficient for the explanation 
of the magneto-mechanical anomaly on account of the contribution to the 
electromagnetic mass due to the spin. Of course, it is incorrect to neglect 
the cohesion forces in the electron and the contributions made to the mass 
in virtue of their energy. However, in the absence of any knowledge of 
these forces, it seemed simplest to neglect them here. The importance 
of these forces and the theories about them by Mie, Einstein and Weyl 
are discussed at the end of Pauli’s encyclopedia article on relativity 
(Teubner, 1921]. 

§1. We suppose that the electron is a rigid and rotating sphere of nega- 
tive electricity. We compute the electromagnetic momentum of the field 
when the electron is in motion. We let 


a = radius of electron. e = charge of electron. 

» = angular velocity of electron. c = velocity of light. 
(d,, dy, d,) = electric intensity in Heaviside units. 

(hy, hy, h,) = magnetic intensity in Heaviside units. 


We suppose that the electron moves along OX with velocity v = Bc with 
respect to K—the unprimed system of reference. The primed system K’ 
is a Galilean system having its origin at the center of the electron and the 
instantaneous value of its translational velocity. 

We have 
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a 
inside the electron. Applying the usual transformation equations 
, , 
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and inside 


B Qu Qu ‘s 
d eho —— hae h, ec 
7 WV1i— Ba? 1 — Ba? (5) 
The electromagnetic momentum is 
—> 1 a 
a= 1 SSS (GB) dvdyde (6) 


Here the integration must be performed for a fixed time ¢ in the stationary 
system. The Lorentz transformation gives x = x's/1 — 62 + vt, y = 9’, 
z = 2’so that for a fixed fas is well known dx dy dz = +/1 — 6? dx’ dy’ dz’. 
Without any reference to the special orientations implied in (4), (5) we 
obtain from (6) and (3) 





1 


wet oi SSS (di hi, — df hh) + B*) + BG? + dl? + 
hy? + hz?) ] dx’ dy’ dz’ 
ty =< SSS (dehy — dhe ~ BM, d, + hy h)] dx’ dy! de! (7) 


and a similar expression for g,. It is found very easily that g, = g, = 0 
and 


wie fy SSS (dy + d? + iy? + hz?) dx! dy ‘dz’. (7’) 


Performing the integration 


2 J 2 
= ee (4 o } ©) 


cy/1— 6? \6xra 5 a? ) 


the contribution to the last term being 7/5.u?.4m/3a' from the field ex- 
ternal to the electron and 4yu?.47/3a* from the internal. If the electron 
is supposed to move along the magnetic axis the electromagnetic momen- 
tum is ‘ 


2 2 4p? 
bot ies {24 2 ie} (8), 


c4/1 — B 6xa 5 a 


in this case all of the contribution to the last term coming from the external 
field. Thus the electron must be assymmetrical in the ratio of 2 to 9, 
it being easier to accelerate it along the magnetic axis than perpendicularly 
to it if the contributions due to its spin are considered alone. We deal 
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with two masses: the longitudinal and the transverse (with references 
to the spin), these being 


sig 1 | Wi + Sz] _, 1 FE + ae (9) 


is V1— BL6rea  5e?a8 See V1 — p? 6mc*a 5c?a* 


while in electrostatic units 





mM 





1 2 e Que 1 2 e Ou 
= ——— | = — , Mh eee | + 1 000) 
V1—BL3 ca  5c?a3 VY1—BL3 ca  5ca3 
where yo = wea?/3c. We may require that wo = eh/(4rmc). This 
enables us to determine by means of (10) the radius of the electron a sup- 


posing m, e, h, c as known. For such a calculation we may work with 
(2m, + m;)/3 for B = 0 which is 





we 2 é Qui , 
ma 2S [1+ om 
Letting 
2 2 
a = 3 moc (11) 
we have 
_ a 9c*h? (ao\? 
a hot (2 


~ 


Here a) = 1.5 X 107" and represents the value estimated by Lorentz 
for the radius of the electron. The factor 9c?h?/(327’e*) = 9/8a? where 
a is Sommerfeld’s fine structure constant which is such that a? = 5.3 X 
10-5. Hence (12) is 


1 = (ao/a)[1 + 2 X 10*(ao/a)?]. 


From this a = 29a = 4.2 X 107-" cm. The maximum peripheral 
velocity is wa = 3h/(4rma). This is of the order of 20c. Thus the 
larger part of the electron must be supposed to have a velocity greater than 
c. We would have more confidence in the model if the peripheral velocity 
were more closely = c. If one supposes uo = eh/(8rmc) corresponding to 
1/2 quantum rotational quantum numbers the equation defining ao/a is 


1 = (ao/a)[1 + 5 X 10%(ao/a)?] 


a~17, a) = 2.5 X 107" and wa = 3h/(8rma) which is also of the order 
of 10c. There is not much difference from this point of view between 
supposing that yo = eh/(4rmc) or 1/2 of that because what is gained by 
lowering wa on account of the factor 2 is partly offset by a decrease in the 
radius. However, it is hardly possible to require anything but an agree- 
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ment in the order of magnitude, and it seems that we may be satisfied with 
saying that the order of magnitude of the peripheral speed is the velocity 
of light. 

We can divide the spinning electron into two hemispheres by the plane 
xy. The force of repulsion between them due to the electric charge is of 
the order e?/a?. The force of attraction due to the currents in the two 
hemispheres is of the order »?/a*. The ratio between them is of the order 
u?/(e?a?). For wp = eh/(8rmc) and a = 2.5 XK 10- em. this ratio is of 
the order of 20. The magnetic force of attraction can be expected to be 
greater than the electrostatic force of repulsion and thus to supply at least 
a unilateral stability to the electron. Needless to say, the stability here 
found is only a partial one, and one should not infer that the crude model 
of the electron here discussed is in complete equilibrium. It has possi- 
bilities of approaching the condition of equilibrium, however, to a greater 
extent than the static model. 

The approximate equality of the electric and magnetic forces within 
the electron establishes a connection between the value of h and the values 
of other natural constants, and more directly between yo and these con- 
stants. This is seen by means of (10’) if we write 


po/(ea) = a (13) 


where a is a structural constant not too different from 1 which gives 


my 2 8 +20) (14) 
3 C7 uo 
thus establishing a connection between po, e, c, m and hence also between 
h, e, c, m. m may be shown to disappear leading to h = Ke’c~! where 
K is a numerical constant. Such a relation has been suspected for a long 
time; see, e.g., Jeans’ ‘‘Atomicity and Quanta’ (Cambridge University 
Press, 1926) and older papers by Jeans. 
§2. We consider next the angular momentum of the field. The 
components of the density of electromagnetic momentum are 
Pz = + (dy hy — dy hy) = —— 
c c 


——— {(1 + 6*)(d,h, — dj hy) + 
aa | B*)( ) 


B(d;? + dy? + hy? + hi?)} 





1 1 , / / , , / / , 
phen d,h, — d,h, oS h, d, — d, h, — h,h +d,d 
py = - Gd, ho org! B(h hy + dy dy)} 
?: = : (d,h, —d,h,) = Bats BSEe {dy h, — dy hi, + Bhi hy + didi}. 
c Vi-s# : 
(15) 
Writing 


P, = ¥Px —% Dy (16) 
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we get 


1+ 19 7} 2 
y(dy h, — dh dy d.? h h, 
are +2 aes Me + di? + hi? + hi?) 


~ din a 
+ oe - be cV/1 — B? 


Transforming € P, dr into its proper form in terms of x’ y’ 2’ we get 


Zz 





x dy). (17) 








2 2 
P, = PA ae fh ® ni (18) 
V1—B 6rea 3 
or in electrostatic units 
2 2 
Ps ae a, (18’) 
V1—-63ca 3 


We see at once that o/P, = 3ca/2e=2 X 10* fora = 4 X 10~"*, while the 
ordinary magneto-mechanical ratio is e/(2mc) = 10’. This shows that the 
angular momentum of the electron is of the general order of 4/2u but not 
equal to it. In fact it is greater than h/2u by a factor of about 20. It is 
striking that all of the disagreements are of the same order of magnitude for 
we have found that the maximum peripheral velocity exceeds the speed of 
light by a factor of about 10, that the magnetic attraction of the two 
hemispheres exceeds the electrostatic attraction by a similar factor, and 
that the magneto-mechanical ratio is also too great by a factor of 20. 
The energy of the field is obtained as 1/2 f(d? + h?)dx dy dz, which for 
the primed frame is 


ee pee a £4 Se 


Sa a. 2 Sra 27 4c? 





or in electrostatic units 





e 5 wea 
4. Vc (19) 


If an external field H is applied along the axis of spin during its applica- 
tion, there exists an electric field d such that curl d = —H/c. Taking 
it to be zero at the center of the electron, its value at a distance RK from the 
axis of spin is —RH/2c and therefore the torque exerted on the electron is 


—- — A dS 
ars SS 2 


the integral being extended over the surface. This is —eHa*/3c. A 
change of —eHa?/c in the angular momentum of the system must, therefore, 
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take place. Inspecting (17) and disregarding all terms vanishing with 
8 = 0, we see that a contribution to P, is obtained only through 


. (y dy + x d,)h, amounting to. é (y dy + x d,)H. 
c c 


This is of the order 1/r and hence gives a divergent integral for large r. 
Strictly speaking, the total angular momentum of the field in the 
presence of an external magnetic field is infinite. This, however, has 
nothing to do with the original rotation of the electron since it depends 
only on d,, d,, and takes place even’ if the electron is not spinning. In 
that case we know that the torque on the electron is —eHa?/3 and hence 
we may suppose that 


dP,/dt = — eHa?/3c (20) 


the right-hand side having the same expression in both systems of units. 
Using (18’) and supposing a = const. 


2/3.e/c.Aw = —Ha. 


This is just sufficient to keep the field inside the electron constant. 
The change in the self energy of the electronic field is by (19) 


10w/27c?.e?a Aw. 


The mutual energy between the field of the electron and the externally 
applied field is f~h, H dx dydz. The contribution of the region outside the 
electron to this is zero on account of (1) and 1—3n? = 0. The region 
inside gives 42/3.a°H.2u/a* by (2). This is 2/9.H/c.wea®. Adding 
the two we get 





bo 


iD 


9 


2 
wea? = - = H = —wH. (21) 


AW = 





o | 


Hence the total change in the energy of the field is precisely the same as 
though the rotating electron were a doublet of the previously assumed 
strength yo provided no changes in the self energy of the source producing 
H need be considered and provided the mutual energy of the fields is not 
contributed to by the region near the source. . This justifies the stress 
which we laid on the importance of yo for our present treatment. 

§3. We consider next what happens if the spinning electron is given a 
uniform motion of translation while it is subjected to the action of an elec- 
tric field as is supposedly the case in a hydrogen atom. Even though we 
have supposed the charge to be distributed on the surface of the electron 
in the form of a very thin skin, we must consider in this connection the 











VoL. 12, 1926 PHYSICS: G. BREIT 459 


distribution to be a limiting case of one throughout a volume. It is a 
direct consequence of equation (3) that 
ees 
where p denotes the volume density of charge, and, therefore, the electron 
is equivalent to an electric doublet of strength 

1 

Cc J/i— B = 


This is readily interpreted as ces that the strength of the electric 


av y jx dx dy de. 


1 
doublet is < aS vo and hence the energy in an electric field would be 


supposed to be ‘ci Py eae Wier B uo E, where E is the component of 


the field along the electric doublet. If this is justifiable, then it is possible 
to explain relativity doublets and the factor 2 in the anomalous Zeeman 
effect by taking uo = eh/(8rmc) and by considering in addition to the 
mutual and self energies taken into account in (21) also the self energy of 
the agency producing the field. This may be easily shown to be also 
—poH so that in a magnetic field the energy of the electron is —2moH, 
while in an electric field the factor 2 does not occur. 

It may be, however, that it is beyond the scope of the present model to 
discuss this question accurately because the stresses are not in equilibrium. 
One must consider with greater precision the effects of the precession of 
the electron while it is in an external field. Two points of view present 
themselves. We may either define the energy as the amount of work 
which must be done against the forces of the system to bring the elements 
of the system from a standard configuration to their actual condition or 
else one may define it as the amount of energy in the field. If Poynting’s 
flux does not enter, the two are the same. 

Another point which must be taken into account is the field in the neigh- 
borhood of the electron due to its acceleration. In the case of the Lorentz 
electron the electric field so produced is responsible for the electromagnetic 
mass, its total effect being such as to neutralize the force externally applied.*® 

In the case of the spinning electron the electric field calculated by Lorentz 
exists but is insufficient to account for the electromagnetic mass. A more 
detailed examination than the writer feels justified in giving here shows that 
a magnetic field proportional to the acceleration is produced also. The 
force due to it on the spinning charges of the electron accounts for the 
larger part of the electromagnetic mass. A rigorous treatment for the case 
of an accelerated electron must take this field into account as well. 
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Both Thomas and Frenkel have treatments accounting for the anomalous 
magneto-mechanical ratio. No detailed derivation of their results has been 
published. It seems from the preliminary statements that Thomas does 
not consider the electric polarization of the electron due to its motion and 
that he does not concern himself primarily with the energy but with 
the rate of precession. Frenkel considers the electric polarization. How- 
ever, his use of x is somewhat formal, the reason for x having the same 
value for the spin and for orbital revolution being unclear. His result is 
also stated only for the precession. 

In the present discussion the magneto-mechanical ratio is not worked 
out. However, its order of magnitude is ascertained and the main physical 
facts entering the problem are indicated. 

Another difficulty must be mentioned. We have found that the angular 
momentum is less than h/4r. Yet it is known from the experiments of 
Barnett and Einstein and de Haas that the magneto-mechanical ratio is 
e/mc. An exact understanding of the anomalous factor 2 and the energy 
is probably not to be obtained unless this difficulty is avoided. One way 
of avoiding it is to increase the radius of the electron and to give it also some 
material mass. The correction to the spin due to Thomas is small in our 
case on account of the large magneto-mechanical ratio of the model. 

We have followed the point of view of field energy in discussing the 
energy in a magnetic field, and we used the definition of work as force 
X distance in discussing the energy in an electric field. It may te shown 
that a different result will be obtained in the latter case if field energy is 
taken as the basis. This shows the importance of Poynting’s flux also 
in that case. The question of the magneto-mechanical ratio is, therefore, 
not completely settled, though taking the work done as the criterion 
the factor 2 is satisfactorily accounted for. 

Summary.—It is shown that if the whole mass of an electron is electro- 
magnetic its radius must be of the order of 10-'*cm. Its angular momen- 
tum if conceived of as the angular momentum of the field is less than h/4x 
by a factor of about 20. The electron has a degree of stability due to the 
action of magnetic forces. The peripheral speed exceeds the velocity of 
light by a factor of about 20 at its maximum. A tentative quantitative 
treatment of the energies involved in the Zeeman effect and in ‘‘relativity”’ 
doublets is given. es 

The discussion shows that the condition for stability and for the periph- 
eral velocity to be of the order of c implies a connection between the 
value of Planck’s constant h and the constants e, c,m. Approximately, 
therefore, electric charge is quantized. 

The model as given is distinctly imperfect, but the agreement in order 
of magnitude seems to indicate that the spinning electron has a deeper 
significance than its spectroscopic utility. 
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* Professor L. V. King of McGill University has published a pamphlet on “Gyro- 
magnetic Electrons and a Classical Theory of Atomic Structure and Radiation,’ Mer- 
cury Press, Montreal. In the present note the classical views of Professor King are 
not adhered to. However, it may be that there is a connection between the two 
treatments. 

1 Nature, February 20, 1926, p. 264. 

2 Proc. Nat. Acad. Sci., 12, 1926, pp. 80-85. 

3 Zs. Physik, 35, 1926, p. 618. 

4 Nature, April 10, 1926. 

5 Zs. Physik, 36, 1926, p. 259. 

6 Lorentz, Theory of Electrons, Teubner, 1916, pp. 252-254. 


THE QUANTUM THEORY AND THE BEHAVIOR OF SLOW 
ELECTRONS IN GASES 


By F. Zwicxy* 


NoRMAN BRIDGE LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA, 
CALIFORNIA 


Communicated May 31, 1926 


The new quantum theory! is based on the consideration that the only 
observable frequencies of the atoms and molecules are the so-called jump- 
frequencies given by the equation e = hy. In fact the experiments have 
shown that these are responsible for spectrum lines, anomalous dispersion 
and inelastic impacts. The revolution frequencies of the electrons in the 
stationary orbits, as given by the Bohr calculations, it is assumed can 
never be detected, so that Heisenberg! eliminated them from the theory 
intending to operate with observable date only. There are, however 
some experiments which have not yet been sufficiently discussed in rela- 
tion to this problem: namely, the beautiful experiments on the behavior 
of slow electrons in gases. (‘‘Slow’’ means that the electrons have less 
energy than corresponds to a resonance potential of the gas under investiga- 
tion.) These experiments can be divided into two groups. One class 
deals with the deviations from the rectilinear motion which the electrons 
undergo in the field of force of the atoms, while the second class investi- 
gates the energy transfer. In this paper we give some considerations on 
the first type of experiments. The question of the energy transfer will 
be discussed in a following paper. 

Deflections of the Electrons —Experimentally the passage of electrons of 
definite velocities through gases under low pressures is observed. A 
quantitative measure of the deviation from rectilinear motion is obtained 
by introducing the concept of the effective area of anatom. This quantity 
q(y) is defined to be the area, surrounding the center of the atom, through 
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which the initial line of motion of the electron must pass, in order that it 
undergo a deflection greater than a certain critical angle g, determined 
by the construction of the apparatus. We should expect g(y) to be a 
q function of the velocity (v) of 
the passing electrons, and ex- 
perimentally? there are found 
to be three types of relation 
between g and 2, as is shown in 
Figs figure 1. 

In practice yg; is always chosen 
very small.2_ This is very con- 
venient for the theoretical dis- 

—Gaskinetie CUSSion because, under these 
area circumstances, g(¢,) can be cal- 
» culated by an application of 

the perturbation theory. One 
proceeds as follows: the undisturbed motion of the atomic system being 
assumed to be known, the perturbing force is taken equal, to a first approx- 
imation, to that exerted by an electron passing the atom in a straight line. 
The modified motion of the atom under this force is calculated and then 
the reaction of the disturbed atom on the electron is determined. This 
gives us a first approximation to the deflection angle yg. It can be shown, 


in this manner, that 
( 
aes (") (1) 
mv? /2 T2 











uv 





where U(a) is the potential energy which the electron would have at a 
distance a from the atom and a is the shortest distance from the atom to 
the initial line of motion. The time 7; is the characteristic period of the 
unperturbed atom, and r. = a/v gives a measure for the time during which 
the coupling between atom and electron is effective. 

The mathematical theory leading to formula (1) will be published sep- 
arately. Some justification for (1) on the basis of dimensional calcula- 
tions can be given directly. As ¢ is without any dimension it must be a 
function of dimensionless quantities only. Now with the different param- 
eters entering into the problem there can be found only three independent 
dimensionless quantities, namely, p; = U(a)/(mv?/2), pe = 11/72, and p3 = 
m/M, where m is the mass of the electron and M the mass of the atom. 
As p; is very small and practically of no influence we do not take it into ac- 
count and get ¢ as a function of p, and p, alone. The physical significance 
of this result is simple: the deflection increases as the ratio of the potential 
energy U(a) to the kinetic energy mv/2 of the electron, while the function 
(r,/72) evidently indicates a sort of resonance. 
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Formula 1 is quite general, and it will be sufficient to apply it to two 
simple atomic models to show that it is capable of accounting for the 
curves of figure 1. 

(A). Polarizable Atoms.—The atom, as a little planetary system, 
possesses the general property of deformability under the influence of 
external forces. Thus an electric field E will induce an electric dipole 
in the atom of the magnitude aE where a is a constant. The energy of 


this dipole in the field E is —ak*?/2. Hence U(a) = —ae?/2a‘ and 
a @ a Z 
~w—+—~ —,. sinceg = za’. (2 
a ee a q = na’. (2) 


Keeping ¢ constant, as is done in the experimental arrangements, we have 


qv = const. V a. 


Considering for a moment only the conditions in one and the same gas 
(a = const.) we obtain 


qv = const. (Hyperbola). 


This relation is beautifully confirmed by some recent? experiments on He 
and the vapors of Zn, Hg and Cd. The absolute values of g calculated on 
the basis of the rigorous theory, which was given in a previous paper,’ 
check the experimental data within 10%. 

A rough comparison of different gases can also be ‘ial because for 
electrons of the same velocity, g?/a should be constant; or since a is propor- 
tional to the molar refractivity P, g?/P should be constant. Taking the 
values of P given by optical experiments we obtain the following results. 


TABLE 1 
P in cm.3 Q IN cm.?2/cm.? Q?/P 
Cd 20 90 405 
Hg 14 80 460 
Zn 16 80 400 
He 2 32 512 


Q is defined as Q = 3.56-10'%g, where 3.56-10'* is the number of molecules 
per cm.’ at 1 mm. pressure. The values of Q given in the table are those 
found for 2-volt electrons. 

The agreement is sufficiently good. More accurate computations on 
the basis of the complete theory will be given in another place. 

(B). Atoms Having a Permanent Asymmetry.—In general it will not be 
sufficient to take into account merely the induced dipole. The atom may 
possess some permanent asymmetry, so that it must be considered as an 
electric dipole or quadrupole. This fact is familiar from the theories of 
dielectric constant, equation of state, etc. However, the atom may dis- 
play one type of asymmetry in its reaction to a slowly changing field, and 


eas 
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another when reacting to a field varying as rapidly as that of a passing 
electron. Thus a single charged nucleus with an electron revolving in a 
circle around it would behave as an electric quadrupole in dielectric con- 
stant measurements, but would act as a dipole (revolving, it is true) 
when acting on an electron passing it with a velocity comparable to that 
of the orbital electron. Jt follows that in our case the atom (even of a 
noble gas) will act to the first approximation as an electric dipole (of 
moment yu), rotating or oscillating with the frequency w, even though it 
shows higher symmetry in other phenomena. 
Since for a dipole U(a) ~ ye/a’, we will have 


co .® (=). (3) 
a*mv v 


For ¢ = const. and not considering the factor ®, there would result 


~~ 





qv? = const. 


‘The effective area must increase with decreasing v much more rapidly than 
in case A. This is the case for all gases which do not follow the simple 
curve l. 

Furthermore we would expect yu, and with it g, to increase with the 
atomic volume for atoms in the same column of the periodic system. This 
effect is found also and is especially conclusive when the data for He, 
Ne, Ar, Kr and Xe are compared. 

It is also seen that g must be greater than one would expect it to be, 
supposing the polarizability alone to cause the deflections of the electrons. 
Experimentally this is always the case. As an example we may cite 
Argon (P = 4.17 cm.*) which has an area Q = 70 cm.?/cm.*, whereas 
Zinc (P = 15 cm.®) in spite of its much higher polarizability has only Q 
= 30 cm.?/cm.* (Q is here the real effective area of an atom for 4-volt 
electrons multiplied by the number of atoms present in one cm.* at 1 mm. 
pressure and 0°C.). 

Finally for this type of atoms there must occur a decrease of g at the 
velocity for which v/a becomes comparable with w. This will give a max- 
imum in the g-v curve. This is found in every gas possessing the other 
characteristics just discussed. Unfortunately, a quantitative comparison 
is impossible, as we do not know the revolution frequencies in complicated 
atoms. (The investigation of atomic hydrogen which would be of extreme 
interest and importance, has not yet been carried out experimentally.) 
However, this difficulty is removed when we accept the principles of the 
new quantum theory. According to them we must replace the revolution 
frequencies by those of the absorption lines belonging to the normal state. 
Table 2 is based on this hypothesis. If the velocity v for which g = max. 
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is given in volts (V;) and V- is the first resonance potential of the atom, 
V2/~/V, should be approximately constant for atoms having the same 
external shells. 


TABLE 2 
Ve VN V2/V V1 
Ne 16.6 4.5 3.7 
Ar 11.5 3.5 3.3 
Kr 9.9 3.1 3.2 
Xe 8.3 2.3 3.6 


Helium is not given, since its external shell is different from that of the 
other inert gases it cannot be compared directly with them. In fact it 
deviates widely, as its ratio V2/ V/V; is equal to 13.5. 

Comparing the stray fields of different atoms in the periodic system, 
we can deduce from our discussion the following very remarkable fact. 
The atoms with complete external shells as Ne, Ar, Xe and Kr show very 
small stray fields as far as the average dover long times is concerned. The 
momentary constellation, however, has the character of an electric dipole. 
This means that the phases of the four (Stoner*) or eight revolving elec- 
trons (Bohr) are such as to put their instantaneous center of gravity 
always outside of the nucleus. Its average position, however, coin- 
cides with the nucleus. The same consideration is valid for CH, which 
has a complete shell also. Atoms or molecules with two revolving elec- 
trons such as Zn, Cd, Hg, He and Hy show very small stray fields even 
in their momentary aspects, as follows from our results, that no effect 
attributable to an appreciable asymmetry is to be found in the action of 
these atoms on passing electrons. This means that the two electrons re- 
volve in such phase relation, that their center of gravity is nearly at rest. 

The results connected with formula 3 and table 2, require us to assume 
that Bohr’s set of ‘‘virtual” oscillators has a real existence, and acts me- 
chanically on passing electrons. It seems further, on account of the 
resonance confirmed by the experiments, as if the optical frequencies were 
really the revolution frequencies. This suggests that the old discrepancy 
between their values, as given by classical calculations, and the observed 
values from spectral lines is due to some misinterpretation of the observed 
facts. As indeed the observer is not situated in the same high electric 
field as the electron, his unit of time may differ from that of the electron. 
We shall not develop this idea further in the present paper. Neither 
will we discuss the very important question of the Ramsauer effect of 
great transparency of some atoms for slow electrons as shown by curve 
3, as the author cannot contribute anything new to the suggestions made 
by previous writers on the subject.** 


* Research Fellow in Physics, International Education Board. 
1W. Heisenberg, Zs. Physik, 33, p. 879, 1925; M. Born und P. Jordan, Ibid., 34, 
p. 859, 1925. 
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2 For a detailed account of the methods reference may be made to C. Ramsauer, 
Ann. Physik., 72, p. 345, 1923, and Jahrb. Radioaktivitat, 19, p. 345, 1923; R. B. Brode, 
Physic. Rev., 25, p. 636, 1925, and Proc. of the Royal Soc., 109, p. 397, 1925. 

3 F. Zwicky, Physik. Zeitschr., 24, p. 171, 1923. 

4E. C. Stoner, Phil. Mag., 48, p. 719, 1924. 

5 F. Hund, Zs. Physik, 13, p. 241, 1923; G. Wentzel, Ibid., 15, p. 172, 1923. 


TRANSFER OF ENERGY FROM ELECTRONS TO ATOMS 


By F. Zwicxy* 


NoRMAN BRIDGE LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA, 
CALIF. 


Communicated May 31, 1926 


In the preceding paper! we have assumed that the electric dipole induced 
in an atom by a passing electron has the value corresponding to a static 
field which is equal te the instantaneous field of the electron. © This is, 
however, not quite exact. Due to the rapid variation of the field there 
will be some sort of a time lag. The deflections will therefore be smaller 
than calculated in section A of preceding paper. But the most important 
result of the more rigorous calculation is that it yields an approximation 
to the transfer of energy which escaped our attention while we were using 
the approximation method A in the mentioned publication.! It is possible 
to solve also this problem on the basis of the perturbation theory. As 
the general treatment involves very complicated mathematics we will 
demonstrate our ideas with a simple model which gives all the principal 
effects. We choose for this purpose a linear oscillator with the character- 
istic frequency » = w/27. We then calculate the perturbation caused 
by an electron passing it with the velocity v. The axis of the oscillator 
will be taken normal to the unperturbed straight line orbit of the electron, 
and the distance from the oscillator to the intersection of both lines we 
calla. The elastic constant of the oscillator is f and mp» its movable mass 
(with the coérdinate x) which bears the charge «. We have then, assum- 
ing the inverse square law 

d*x “ eca 5 : asi 
mo an + fz @ + vy) F(t); w on (1) 
The particular integral x of differential equations of this type can be 
found in a general way in putting 


x = A(t) sin wt + B(2) cos wt 


where A(t) and B(t) have to be determined as functions of t, so as to satisfy 
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the equation 1. As 1 furnishes only one relation for A and B we still 
can restrict the two functions by an arbitrary condition, as which we choose 


oA sin wt + & cos wt = 0. (2) 
dt dt 


This combined with the equation 1 gives 


of cos wt — = sin wt = fe (2’) 
dt dt Mow 
so that it follows 
A(t) = f we cos wt Bit) = — f PO) ies ab dt. 
—o —o ma 


With this expression we get the general solution of 1 in the form 


ee ca | sin so 7g cos wt os sigue f sin wt il | rs 
a pe (a? +. vt?) /2 Bei (a? + vt?) /2 
Ao sin wt + Bo cos wt (3) 
A, and By are constants. 

We are especially interested in the particular integral x which represents 
the complete solution of our problem in case the oscillator has been at 
rest fort = —«. For¢< 0, x can be transformed with help of the follow- 
ing relations.’ 


t 
for ¢ < 0 eS ee Sf € J, (as) os wt ds dt = 
1 F td . , 
ee Per [vs cos wt + w sin wt] J5 (as) ds 
ao w+ v’s 
. t co) 
and off eo = — - ga JS e® J), (as) sin wt ds dt = 
1 @ e”! 
—- f{ ——— [ps sin wt — w cos wt] J} (as) ds 


ao w? + ys? 


Jo is the Bessel function of the order zero. It follows then for the par- 
ticular solution x that 


- o ee 
for t << 0 x= -e f e™ Jo (as) s ds 
0 myv?s? + f 


One obtains in the same way 
° eS Ji (as) s ds 


6 cos w s ds 
fort >O x = —e€e soe < sin wt a 
f° myv*s? + f mow - : (a? + v2s2)*”? 
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From this it is to be seen that 


+o 
eae . cos w s ds 
—imet f 


x(t) = x(—?) + re dv (a? + vy = x(—t) a As in wt. (4) 


figure 1 shows the main features of the motion of the oscillator as given 
by the particular integral.: 5 


h Xct) 








yO ae 
wo 


The sine function on the right represents the oscillation excited in the 
atom by the passing electron. The energy transfer is involved in this 
member, whereas the symmetrical part affects only the deflections with- 
out change of the kinetic energy of the electron. This will be discussed 
more fully in another paper. The electron loses, according to 3 and 4, 
the energy 





AU = fxmax. — f(Ao + Bo) = fAj + 2fAo Ai 


which is transferred to the oscillator. (This would mean a transformation 
of the kinetic energy of the electron into scattered light of frequency ».) 
We shall show that the magnitude of AU is in conspicuous contradiction 
with the facts, even if we take the lowest average value for AU assuming 
that the oscillator has been at rest before the interaction (Ay = 0 and 
B,=0). Toobtain an approximate numerical calculation of AU, we replace 


v2 
the function (a? + v’s*)~"” by a~%e~'@ which is approximately equal. 
(It is also possible to evaluate the integral rigorously with the help of 


Hankel functions.) Then 


— Qe e%2 _ <a? a 
Al) ae So ae ae (5) 
3 mva? 


samations 242 
The maximum of AU occurs for = = | and has the magnitude 
v . 


cieioniates 2 
AU max. = 0.73" —* = — 1474 U(a) 
a 
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where U(a) is the potential energy of the electron in relation to the atom 
when their mutual distance is a. Experimentally we know that impacts 
of electrons (with energies below the resonance potential) with atoms of 
noble gases and metal vapors are completely elastic, the energy losses 
being only of the order m/M < 1/1840. It is easy to show that our AU 
is much too great. As an example we choose the data of Argon: w = 
19,8-10!* (24 X resonance frequency) and « = 16,4:10-*% cm.’ With v 
corresponding to 3 volts one obtains for AU at a distance a = 2 A. and 
a = 3A,, respectively, AU = 0.7-10-!2 erg. and AU = 0.1-10-" erg., 
whereas mv?/2 = 4,77-10-!2 erg. Passing at the distance of 2 A. from 
the atom (oscillator) the electron would therefore still lose '/; of its energy, 
which is in complete contradiction with the experimental facts. The 
energy losses in diatomic gases must be ascribed to the much lower and 
numerous critical potentials. An experimental investigation of the atoms 
with electron affinity would be of great interest. These atoms are able 
to catch a surplus electron much as ions do. In case a capture is not af- 
fected the impacts are probably completely elastic also, but this has not 
yet been proved experimentally. 

Our considerations are also valid in Bohr’s formulation of the quantum 
theory, so that our aperiodic case seems to illustrate a very serious diffi- 
culty for this theory. The true quantum laws evidently must be of such 
a kind that they are invariant against any mechanical perturbation below 
the resonance, and not only against very slow ones (extension of Ehren- 
fest’s adiabatic principle). There does not exist a continuous dissipation 
of mechanical energy as we know it for light (scattering, dispersion). This 
contradiction between theory and facts which we have pointed out is 
especially clean cut, as it is deduced on purely mechanical basis, without 
any assumptions concerning the radiation. The computations being based 
on perturbation theory only, there seems to exist no serious difficulty in 
carrying through analogous ones in the new quantum theory, operating 
with matrices. And as it is an aperiodic case which could not be handled 
in a satisfactory way by the old theory, it will offer an excellent example 
to decide whether the new theory leads any farther or not. 

It should be mentioned that Fermi* has published interesting calcula- 
tions on the efficiency of inelastic impacts which have some relation to 
our considerations. He calculates the action of an electron on an atom 
by representing the field of the electron in form of a Fourier integral, 
which is mathematically equivalent to a continuous spectrum of light. 
In order to remain in agreement with the facts he has to assume that only 
those frequencies v in this spectrum are effective for which hy < ~ 
whereas for higher frequencies nothing happens. This, however, is just 
the point, which has to be deduced by a treatment similar to that given 
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in the present paper, but based on a rational quantum theory, rather than 
on classical mechanics. 

I am indebted to Dr. C. Eckart for valuable suggestions and helpful 
criticism. 

* Research Fellow in Physics, International Education Board. 

1 F. Zwicky, ‘“The Quantum Theory and the Behavior of Slow Electrons in Gases.” 
(In this issue of these PROCEEDINGS.) 

2G. N. Watson, Theory of Bessel Functions, Cambridge University Press, 1922, 
p. 384, equation 1. 

3 F. Fermi, Zeitschr. Physik., 29, p. 315, 1924. 


FORM OF THE NUMBER OF THE PRIME POWER SUBGROUPS 
OF AN ABELIAN GROUP 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated June 7, 1926 


1. If the order g of a group G is divisible by p*, p being any prime num- 
ber, then the number of the subgroups of order p* contained in G is always 
of the form 1 + kp, where k is either 0 or a positive integer. The object 
of the present paper is to develop a useful extension of this well-known 
theorem for the case when G is abelian. In order to understand the nature 
of this extension it seems desirable to explain first a certain linear arrange- 
ment of the possible types of abelian subgroups of the same prime power 
order p*, so that we can say definitely which of two subgroups of the same 
order is of the higher type whenever these subgroups are not of the same 


type. 
Let H, and Hz; represent two abelian groups of the same order p*, 
and of types (ai, a2, ...., a), (Bi, By ...., B,), respectively, where 


both the a’s and the 6’s are arranged in descending order of magnitude 
in case of a difference in magnitude. If the first a which is not equal to 
the corresponding 6 exceeds this 6 then H, is said to be of a higher type than 
He, and vice versa. The extension to which we referred above may now 
be stated as follows: If any abelian group involves subgroups of order p* 
which are of different types then the number of these subgroups of lowest 
type is always of the form 1 + kp while the number of those of every higher 
type but of the same order 1s always divisible by p. 

2. To simplify a proof of this theorem it will first be assumed that 
the order of the abelian group G is of the form p”. If the number of the 
independent generators of G is at least equal to a the subgroups of order p* 
which are of lowest type are composed of all the subgroups of this order 
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which appear in a group of type (1, 1,1,....), and hence the number of 
these subgroups must be of the form 1 + kp. In general, every subgroup of 
lowest type and of order p* which appears in G involves a certain common 
characteristic subgroup of G composed of all its operators whose orders 
divide a given number, and of certain operators whose pth powers appear 
in this common’ characteristic subgroup. Hence the number of the 
subgroups of lowest type is always equal to the number of the subgroups 
of a certain order which appear in a group of type (1,1, 1,....). The 
number of the subgroups of lowest type found in G is, therefore, always of 
the form 1 + kp, and it remains only to prove that the number of the sub- 
groups of order p* which appear in G and are of a higher type must be 
divisible by p for every one such type, in case G involves subgroups of 
order p* and of different types. When there are only two such types this 
requires no additional proof. 

The proof of the general theorem under consideration can readily be 
completed by means of mathematical induction, as follows: Suppose that 
the total number of the subgroups of order p* whose types are lower than 
a certain type of such subgroups found in G is of the form1+ kp. Ifeach 
of the subgroups of the type under consideration involves operators which 
do not appear in any of the subgroups of a lower type then the totality 
of the operators which appear in the latter subgroups constitute a charac- 
teristic subgroup of G, and the subgroups of the type in question correspond 
to subgroups of order p in the quotient group of G with respect to 
this characteristic subgroup. In the subgroup of G which corresponds to 
any one such subgroup of order p in this characteristic quotient group the 
number of the subgroups of order p* and of the type in question is ob- 
viously divisible by » since the number of the subgroups of this order 
contained in the given characteristic subgroup is of the form 1 + kp. 
It remains, therefore, only to consider the case when each of the subgroups 
of the type under consideration involves only operators which appear also 
in subgroups of a lower type, since all the subgroups of the type in question 
which appear in one of the subgroups of G corresponding to a subgroup of 
order p in the given quotient groups are distinct from those of the same type 
appearing in any other such subgroup of G. 

If all the operators of a subgroup of the type in question appear also in 
subgroups of a lower type we may consider the characteristic subgroup of 
G composed of all its operators which appear in these subgroups of lower 
type but are not of highest order. That is, we consider the characteristic 
subgroup formed by all the operators of G whose orders are less than the 
order of the largest operators appearing in a subgroup of the type under 
consideration. Each subgroup of this type corresponds to a subgroup of 
larger order in the quotient group with respect to this characteristic sub- 
group than the subgroups of a lower type and of the same order. If 
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we consider the subgroup of G which corresponds to one such subgroup of 
a larger order in the given characteristic quotient group it results that each 
subgroup of the type in question involves operators corresponding to every 
operator in this quotient group, while none of the subgroups of a lower type 
but of the same order can have this property. Since the number of these 
subgroups of a lower type has been assumed to be of the form 1 + kp, 
the number of the former subgroups must be divisible by p. Moreover, 
none of these former subgroups can correspond to two different subgroups 
in the quotient group of G with respect to the given characteristic subgroup. 
Hence it results that the number of the subgroups of order p* which appear 
in G and are of a certain type, but are not of lowest type, is divisible by 
p whenever the total number of the subgroups of all the lower types is 
of the form 1+ kp. The theorem stated at the close of the second para- 
graph has, therefore, been established by mathematical induction when the 
order of G is of the form p”. 

3. When the order of G is not of the form »” we may consider its Sylow 
subgroups whose order is of this form. It is known that every subgroup 
of order p* contained in group G is found in at least one such Sylow subgroup, 
and that a subgroup of order »* which does not appear in a particular 
Sylow subgroup of order p” cannot be transformed into itself by this Sylow 
subgroup. Since such a Sylow subgroup must transform subgroups of a 
given type into subgroups of this type, it results that if the number of sub- 
groups of order p* and of a given type which appear in it is of the form 
1 + kp the number of the subgroups of this type found in G must be of 
the same form, and if the former number is divisible by p the latter number 
has the same property. This completes a proof of the theorem noted above 
for every possible abelian group. The fact that this theorem does not 
apply to all non-abelian groups results directly from the three non-abelian 
groups of order 2”, m > 3, which have the property of involving separately 
an odd number of cyclic subgroups of order 2%, a = 1,2,...., m—1 
and an even number of non-cyclic subgroups of order 4. If any group 
contains abelian subgroups of order p* which are of index p under Sylow 
subgroups but of different types then there cannot be more than two dif- 
ferent types of such subgroups and if there are two such types the number 
of the subgroups of the lower type is again of the form 1 + kp, whenever 
p is odd, and also when some subgroup of order p* involves operators of 
order 8.! 

1Cf. Miller, Blichfeldt, Dickson, “‘Finite Groups,” 1916, p. 129. 
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THE SOLUTION OF THE PROBLEM OF THE SIMPLE OSCILLA- 
TOR BY A COMBINATION OF THE SCHROEDINGER AND 
THE LANCZOS THEORIES 


By CaruL Eckart* 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA 


Communicated May 31, 1926 


Synopsis.—Schroedinger has recently published a new quantum con- 
dition in form of a variation principle. This leads to a differential equa- 
tion for a certain function analogous to the Hamilton-Jacobi, S, which 
possesses relatively simple solutions for certain discrete values of the 
energy constant. Schroedinger has shown that in the case of hydrogen, 
these discrete values are those of the Bohr levels, provided that the single 
arbitrary constant of his theory (which must be introduced because of 
dimensional considerations) is given the value h/2r7. 

The purpose of this paper is to show, in a purely formal way, that the 
Schroedinger equation must be the basis for the Born, Jordan and Heisen- 
berg matrix calculus. ‘This is most readily accomplished by using the 
Lanczos modification of the latter. 

Lack of space prevents any general discussions, hence, only a very formal 
solution of the special problem of the simple linear oscillator is attempted. 
All results are capable of immediate generalization, however.’ The general 
theory, and an attempt to interpret some of the postulates, will be published 
in another place. 

The Solution of the Problem.—The Lanczos! quantum theory requires 
a set of orthogonal functions, by means of which the matrices of Born 
and Jordan? are to be determined. Thus far, no problems have been 
solved by means of this theory, primarily because the determination of 
the orthogonal functions has been impossible. 

Schroedinger*® has published a quantum principle which leads directly 
to a set of orthogonal functions. The purpose of this paper is to show that 
if these are interpreted as the functions entering into the Lanczos theory, 
the matrices of the Born-Jordan theory are readily obtained. 

We limit ourselves, for brevity, to the problem of the simple oscillator. 
The Hamilton-Jacobi equation for this, problem is 


1 séS".. ot 

G= 2 (4B) + tet - w= 0. (1) 
2u \dx 2 

Following Schroedinger, we substitute S = h/2z.logy and inquire, not for 

a solution of equation 1, but for a solution of , 


+o 
5S WGdx = 0 (2) 








¢ 
’ 
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W being constant during the variation, and 6y vanishing atx = + ~, 
It may be shown that the solution of this problem is equivalent to the 


solution of 
1d 
Mie ween 6 
~ 2p ant dx? (2 m 
The solution of this ¢quation has been discussed by P. S. Epstein‘ 
and leads to parabolic cylinder functions. Let x = \-- u; then (3) 
myo 





becomes 
dy + 2nW \ 
— oe ee = 0 3a 
du? 4 hw Y (Ba) 
which possesses solutions of the forms 
e~“/* f(u) and et/* F(u) (4) 
where 
df df {2 } 
— —u— +4— —- - = 0 
du? du hw 2 f : 
d*F dF 2rW - 
and Er - {7 is i F=0. 
du* du hw 2 


The solution of these equations leads, in general, to infinite power series 
in u, but provided that 


2nW si a 
—— — -— = positive integer 
hw 2 
(6) 
or hw 
W, = (» + £) 
2r 


the solutions are finite polynomials. 
We now seek for those solutions of (3) which satisfy the conditions of 
orthogonality 


+o 
S° Vn(t) Vmn(ujdx = 0 ifn xm 


=] tn=m 
and find that : 


= Vil fe om fle (8) 


provided f, is the polynomial determined by 
Sa-2 — fn. + mf, = 0 
fo == ] hi = u. 


(9) 
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From (8) and (9), we may deduce the following very important formula: 
hale) = yt [Vii veale) + VieF 1 teenle)}. (10) 
The ‘equations of motion” of the simple oscillator are 


DX —xp =P 
be (11) 


DP — PD = — w?X 
where P and X are operators satisfying the ‘‘quantum condition” 
PX — XP = h/2mi (12) 


and the mode of operation of any operator is defined by an equation of 
the type 


+o 
Pfc) = J” P(xt) fl@dk. (13) 
The problem is to determine the functions P(xé), etc. 


The essential mathematical point of this paper ts to show that the condition 
(12) may be replaced by the oe 











x= £ X (xt) vn(E)dE 
= 5 a (14) 
Qa 
D n(éd 
7 ve < F (xt) vn(é)dé. 


These equations have an important interpretation which cannot be ex- 
plained without an involved discussion of the operator calculus, which 
must be postponed until another paper. 

If we expand D(xé), X(xé), etc., in terms of ¥,(x) and ¥,(£), which is, 
in general, possible because of (7), we should obtain double infinite series 
of form: 


D(mik) = D> Dix ¥(x) vel) 
ik 

X (xt) = DY) Xin (x) velé). 
i 


The coefficients of these series will be shown to be the matrices of the Born- 
Jordan calculus. The last of (14) now becomes 


2riW,, 
h "i ae 








» Diu Vile) f Velé) vn(E)dE 





» Din Vj(x) by (7). 


5 a - 
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Dy =0 g#k 
Qa7VW/. (16) 
Dy = 2miW; | 
h 
Similarly, the first of (14) becomes 


1 


_ 


a 7 Xin ¥;(x) 


¥n(x) j 
XW» (x) = } Je X jn v;(x). 


Comparing this with (10), we see that 
Xjn=0, GAn=1 


xy _ _|(m+h 
Mepis, 4° "3 


. nh 
Xs-1,2 = @—”: 


4rpw 
If we now carry out the operations indicated in the first of (11), we find 


that 
P(xt) = D> Pam vn(X) Vm(E) 


Pg ae nem +1 
Pati, oy to Xn, (19) 
Py-1, 2 tj tw Xy—1, 


Since these matrices are identical with those obtained as the solution of 
(11) and (12), using the matrix calculus, it is obvious that the conditions 
(12) are satisfied, as may also be verified by substitution. This was 
the mathematical result which we set out to obtain. The generalization 
of this method of solving problems in the Born-Jordan matrix calculus, 
and a discussion of its significance will shortly be published elsewhere. 
An attempt to solve the problem of the hydrogen atom completely is also 
under way. It may be remarked that the solution of Schroedinger’s 
equation at once brings us to the stage reached by Pauli by the elaborate 
computations of the matrix calculus. 
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